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1. Introduction 



I. 1. Aschbacher-Scott Program. Primitive permutation groups have been 
studied since Galois and Jordan and have apphcations in many different ar- 
eas. If r is a transitive permutation group with a point stabilizer M then 

p/j ' r is primitive if and only if M < F is a maximal subgroup. So studying 

primitive permutation groups is equivalent to studying maximal subgroups. 
In most problems involving a finite primitive group T, the Aschbacher- 
^ ' O'Nan-Scott theorem [2] allows one to concentrate on the case where F is 

almost quasi-simple, i.e. L <\ r/Z(r) < Aut(L) for a non-abelian simple 
group L. The results of Liebeck-Praeger-Saxl [33] and Liebeck-Seitz [M] 
then allow one to assume furthermore that F is a finite classical group. 
^ i At this stage, Aschbacher's theorem [1] severely restricts possibilities for 

the maximal subgroup H. Namely, if < F is maximal then 

^: FGcSuutiC^, (1.1) 

where Cj, i = 1, . . . , 8, are collections of certain explicit natural subgroups of 
F, and S is the collection of almost quasi-simple groups that act absolutely 
OO . irreducibly on the natural module for the classical group F. 

The converse however does not have to be true. So, to understand prim- 
itive permutation groups, one needs to determine whether a subgroup H 
^ , in (jl.ip is actually maximal in F. For H £ U^^^Ci, this has been done by 

H ' Kleidman-Liebeck [25]. Let H £ S. If H is not maximal then H < G < T 

for a certain maximal subgroup G in F. The most challenging case to handle 
is when G € S as well. This motivates the following problem. Throughout 
the paper F is an algebraically closed field of characteristic i > 0. 

Problem 1.1. Classify all triples {G,V,H) where G is an almost quasi- 
simple finite group, V is an ¥G-module of dimension greater than one, and 
H is a proper subgroup of G such that the restriction Vlfj is irreducible. 

For the purposes of Aschbacher-Scott program, it suffices to solve Problem 

II. ll in the case where H is almost quasi-simple. However, in some interesting 
situations it is possible to handle Problem 11.11 in full generality. We believe 
that this might be of importance for other applications in group theory. 

For example, under the assumption ^ > 3, Problem 1 1.1 1 has been solved for 
G of alternating type, i.e. G = A„, S„, A„ or S„, see [U [271 [2H]; and partial 



1991 Mathematics Subject Classification: 20C20, 20E28, 20G40. 

Research supported by the NSF (grants DMS-0654147 and DMS-0600967). The paper 
has been written at MSRI. We thank the institute for support. 



1 



2 



ALEXANDER S. KLESHCHEV AND PHAM HUU TIEP 



results are available even in the cases £ = 3 and 2, see e.g. [26]. Let us denote 
by Lie(p) the family of finite groups of Lie type over fields of characteristic p. 
In the defining characteristic case, i.e. when G E Lie(^), definitive results 
on Problem 11.11 have been obtained by Liebeck, Seitz, and Testerman |31j . 
[40] . [42] . Consider the cross- characteristic case, i.e. G G Lie(p) with p i. 
When G is a classical group, Seitz [41] lists possible candidates for the 
subgroup H arising in Problem 11.11 under the condition that H G Lie(p). 

Throughout the paper g is a prime power not divisible by the character- 
istic £ of the ground field F. Our main result is a solution of Problem II. II in 
the case where SLn{q) < G < GLn{q). 

1.2. Notation. For o" G we denote by [a] the set of all roots of the 
minimal polynomial of a over F^; in particular, #[0"] = deg{a). We say that 
o"! and (T2 are conjugate if [fii] = [(T2]. The order of a, denoted \a\, is its 
multiplicative order, and a is an £- (resp. £'-) element if |cj| is a power of £ 
(resp. prime to ^). If £ = 0, all elements are ^'-elements. 

We state the James' classification of irreducible FGL„(g)-modules. An 
n-admissible tuple is a tuple 

(([ai],A«),...,([a,],A('^))) (1.2) 

of pairs, where cJi, . . . , cJa £ F^ sue ^'-elements, and X^^\ . . . , X^""^ are parti- 
tions, such that [uj] / [aj] for all i / j and X^iLi deg(crj) • |AW| = n. An 
equivalence class of the n-admissible tuple (|1.2p up to a permutation of the 
pairs {[ai], X^^^), ■ ■ ■ , ([o"a], A^'^)) is called an n-admissible symbol and denoted 

s= [(M,A«),...,([a.],AW)] (1.3) 

The set £ of n-admissible symbols is the labeling set for irreducible FGL„(g)- 
modules. The module corresponding to the symbol (jl.Sp is 

L(s) = L(ai,A«)o...oL(a„A(")) 

('o' denotes Harish-Chandra induction), and {L{5) | 5 G £} is a complete set 
of representatives of irreducible FGI/„(g)-modules. Note that the irreducible 
modules L(a, A) are defined even when a is an ^-singular (i.e. not £'-) element 
[231 E]- Although such L{a,X) can be expressed in terms of admissible 
symbols and in that sense are redundant, it is convenient to use them. So 
we will not assume that a in L(a, A) is an ^'-element, unless otherwise stated. 

For finite groups H < G and an irreducible FG- module W, we denote 
by Kij{W) the number of composition factors (counting with multiplicities) 
of the restriction Wlfj. In this paper we will work with the group G such 
that SLn{q) < G < GLn{q)- If W is an irreducible FGL„((/)-module, then 
the restriction WIq is completely reducible and multiplicity free, with the 
number kg{W) := Kq^"^'^\w) explicitly known, see p.2p . Moreover, every 
irreducible FG- module V appears in some It will turn out (somewhat 

miraculously) that if V is another irreducible constituent of WIq and H < 
G, then Vlij is irreducible if and only if V'lfj is irreducible. So we will be 
able to state our theorems solely in terms of the GL„ ((7)-module W. 

Parabolic subgroups P which are stabilizers of a 1-space or an (n— l)-space 
in the natural module F^ will play an important role in the paper. Let L := 
GLn-i{q) X GLi{q) be the natural block-diagonal subgroup of GLn{q), and 
let P = UL be a parabolic subgroup of GL„ (q) with the unipotent radical U 
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and Levi subgroup L. Note that [L,L] = The following technical 

notation will be used for the class of subgroups H with [P, P] < H < P. 
For such H we can write H = UM for some M < L. Then we define the 
subgroup Ml < GLn-i{q) so that Mi x Z{GLn{q)) = MZ{GLn{q)) (we 
have identified GLn-i{q) = GLn-i{q) x {1} < L). For a € ¥^ such that 
d := deg(cT) divides n set 

K{a,H) :=4^^g(^)(L(a,(n/<i))). 

1.3. Statements of the Main Result. We state the result under the 
assumption n > 5. Small rank cases are treated in ^8.3i If SLn{q) < 
H < G < GLn{q) and V is an irreducible FG-module then the number 
of irreducible constituents in V[u is known, see (|2.ip . ()2.2p below. So in 
the theorem we may assume that H does not contain SL^. The subgroups 
H < G are given up to G-conjugacy (a G-module is irreducible on restriction 
to H if and only if it is irreducible on restriction to a conjugate of H). 

Theorem 1.2. Let n > 5, SLn{q) < G < GLn{q), H < G be a proper 
subgroup not containing SLn{q), and V be an irreducible ¥G -module of di- 
mension greater than 1. Let W be an irreducible ¥GLn{q) -module such that 
V is an irreducible constituent o/WIq. Then Vlfj is irreducible if and only 
if one of the following holds: 

(i) H < P, where P = UL is the stabilizer in GLn{q) of a 1- space or 
an (n — l)-space in the natural GLn{q)-module F^, W = L{a, (k)) 
for some cr € of degree n/k > 1, and one of the following holds: 

(a) H > [P,P] and K{a,H) = kg{W). 

(b) G = SLn{3), a'^ = -lifi^ 2, and [L,L] <H <L. 

(c) G = SLnl2), cj / 1 = andH = L. 

(ii) n is even, W = L{a, (1)) o L(r, (n — 1)) for some £' -elements a,T £ 
¥g with T a (in particular, V = WIq is a Weil representation 
of dimension (g" — — 1) ), and one of the following holds: 

(a) Spn{q)Z{H)<H <GSpn{q). 

(b) H = Spn{q)Z{H) and r / ±a. 

(c) 2\q, n = Q, and ^2(9)' <H < GLn{q). 

Note from Theorem 11.21 that the subgroups H with V[u irreducible are 
all almost quasi-simple, except for the ones showing up in (i)(a). 

Some key tools used in the proofs are as follows: Reduction Lemma l3.ll 
whose idea goes back to Jan Saxl [39j; Hering's theorem on groups transitive 
on 1-spaces; quantum group methods of [7]; description of the number of 
composition factors in for a GL„(g)-module W obtained in f29] : 

information on minimal polynomials of semisimple elements from [46]; lower 
bounds from [181 18]; aiid, of course. Dipper- James theory. 

2. Preliminaries 

2.1. More notation. Throughout the paper all groups are assumed to be 
finite. The following notation is in addition to the one introduced in ^1.21 

\\- k means that A is a partition of k\ 

X' denotes the transposed partition of A; 
denotes g~^Hg for if < G and g £ G; 
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Kff{W) the number of composition factors in Wif^ (counting with multi- 
phcities); 

m£{H) the largest degree of irreducible representations of a group H over F; 
mc{H) the largest degree of irreducible representations of a group H over C; 
^£{H) the smallest degree > 1 of irreducible projective representations of 
a group H over F; 

IBi{H) the set of isomorphism classes of irreducible Fi?-modules or the set 

of irreducible £-Brauer characters, depending on the context; 
lrr{H) the set of isomorphism classes of irreducible Ciif-modules or the set 

of irreducible complex characters, depending on the context; 
q = power of a prime number p such that ij(q; 
s = s{d) the minimal positive integer such that q'^'^ = 1 (mod £); by conven- 
tion, s = cxD if ^ = 0; here d e N usually denotes the degree of a 
fixed element a E F^ which is clear from the context; 
e = e{d) the smallest positive integer such that in F we have Yli=o Q^^ ~ 
GLn denotes GLn{q); 
SLn denotes SLn{q); 
CSp2n{q) is the conformal symplectic group, i.e. the group of all invertible 
linear transformations of F^" which preserve up to a scalar a non- 
degenerate symplectic form. 
GUn{q) is the group of all invertible linear transformations of F^2 which 

preserve a non-degenerate Hermitian form. 
CUn{q) is the group of all invertible linear transformations of F^a which 
preserve up to a scalar a non-degenerate Hermitian form. 
N = Nn the natural FqG-L„-module F^ ; 
TLm{q^) the group of all invertible F^k-semilinear (and Fg-linear) transfor- 
mations of (Fgfc)™-, considered naturally as a subgroup of GLmkiq)- 
AGLn = AGLn{q) = Mn X GLn the affine general linear group. We usually 
consider AGLn as the natural subgroup of GLn+i consisting of all 
matrices with the last row equal to (0 ... 01); 
Pi is the stabilizer in GL„ of a 1-space in N] 
Pn~i is the stabilizer in GLn of an (n — l)-space in A^. 
If X < Y are groups, W is an FX-module and V is an FY-module, then 
Vlx is the restriction to X of V, and W]^ is the induction to Y of W. 

Lemma 2.1. [48] Let m,n ^ Z>2 and exclude the cases where (m, n) = (2, 6) 
or m is a Mersenne prime and n = 2. Then there is a prime r > n that 
divides m" — 1 hut not 11?=/ ("^* ~ 

The prime r as in the lemma is referred to as a primitive prime divisor 
(p.p.d. for short) for {m,n). 

2.2. Some Clifford theory. For a partition A = (Ai,A2,...) we denote 
A(A) := gcd(Ai,A2,...). For a multipartition A = (A^^), A^^), . . . , A^'^)) 
(which means that each A^*'' is a partition). A' is the transposed multiparti- 
tion ((A«)',...,(A("))'). Set 

A(A) :=gcd(A(A«),...,A(A('^))). 

The subgroup 0^ (F^ ) acts on the set £ of n-admissible symbols via 

r- [(H,A«),...,([c7„],A("))] = [([r^i],A«),...,(M,A("))] 
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for T £ 0^'(Fg ). The order of the stabihzer group in 0^/{¥^) of a symbol 
s G £ is called the I' -branching number of s and is denoted k^'(s). Next, 
if 5 is of the form ()1.3p . then the i-branching number K£(s) is the £-part of 
gcd (n, q-1, A(A')) = gcd {q - 1, A(A')) , where A = (A^^), A^^), . . . , A^'*)). 
We will need several results on branching numbers K^{V) from [29] . 

Lemma 2.2. |29^ Lemma 3.1] Let S < H be normal subgroups of a group 
G,V£ IBr(G), and U be an irreducible component ofVljj. Then n^{V) = 
4(y)-Kf(C/). 

Lemma 2.3. [291 Lemma 3.2] Let S <\ G with G/S a cyclic H.' -group, and 

V e IBr(G). Then k^{V) = ^{L G IBr(G/5) \ V ^V(^L}. 

Lemma 2.4. [29, Corollary 3.5] Let S<G with G/S cyclic, S < H < B < G 
such that B/H = Oi{G/H), and V G IBr(G). Then 

f^HiV) = K%iV) ■ min{(4(y)),, \G/HU}. 

Lemma 2.5. [29, Lemma 4.1] Let s be an n-admissible symbol and r G 
Oe'{¥^). Then L(s) L(t, (n)) ^ L(r • s). 

Theorem 2.6. [29, Theorem 1.1] Let V = L(s) be the irreducible FGL„(g)- 
module corresponding to 5 G Then VisL„{q) sum of Hi£i{s) ■ «:£(s) 
irreducible summands. 

We need to slightly generalize Theorem 12.61 Consider the intermediate 
subgroups SLn < H ^ G < GLn, and let V be an irreducible FG-module 
which is an irreducible constituent of WIq for an irreducible FGL„-module 
W = L(5). Then by Lemma 12.21 we have 

4(^) = 4^"W/^g''"W- (2-1) 
So to compute i<-^{V) for two intermediate subgroups G and H, it suffices 
to compute k^^" (W) for any intermediate subgroup H. For such H define 
H <B < GLn so that B/H = Oe{GLn/H). As GLn/B is a cyclic f -group, 
Lemmas 12.31 and 12.51 allow us to compute k'^^'^{W) as the number of those 
^'-elements r G F^ which leave the symbol s invariant and such that the 
corresponding representation L(r, (n)) factors through B. Finally, we use 
Theorem 12.61 to compute «^5^^(W^)^ and then apply Lemma 12.41 to evaluate 

= K^'^-iW) ■ min{(Kff;(VF)),, \GLJHU}. (2.2) 
For future reference we state some results on Clifford theory from |29j . 

Lemma 2.7. \29\ Lemma 3.3] Let r be a prime, S <\ G with G/S cyclic, 

V G IBr(G), and S <A,B <G be such that A/S = Or{G/S) and B/S = 
Or' (G/S). Also, letU (resp. W ) be an irreducible constituent ofV[j^ (resp. 
Vis). Then 

(i) K^{V) = K<i{V)-K%{V); 

(ii) ^G{V) = K§{W), K<^^{V) = 4{U). 

Lemma 2.8. [29l Lemma 3.7] Let S < G with G/S cyclic, S < A < G 
with A/S = Oi{G/S), and U G IBr(5). Assume that U is an S-composition 
factor of Viis f^""" some Vi G IBr(G), i = 1, 2. Then V2 = Vi ® L for some 
L G IBr(G/^). 
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Lemma 2.9. [291 Lemma 3.9] Let S < G with G/S an i-group, V an FG- 
module, and 

(i) Vis has a filtration = < V'^ < . . ., where each Vi := V'/V'''^ 
is a G-conjugate of V\ = ; 

(ii) All composition factors ofVi belong to the same ¥S-block. 
Then all composition factors of V belong to the same ¥G-block. 

We will often use the following facts from Clifford theory [16\ IV. 4. 10]. If 
H <\G, B is a G-block and W £ IBr(G) n B then there exists an ff-block b 
such that all constituents of W^i^f belong to Ug^cb^ ■ In this situation we say 
that B covers b. Moreover, if B covers b then for any V G IBr{H) D b there 
is some W £ IBr(G) n B such that V appears as a constituent of W^i//. 

2.3. Some large subgroups. We list certain large subgroups in GL„: 

Proposition 2.10. Let n > 5, q = p^ , and SLn{q) ^ H < GLn{q)- Assume 
that one of the following two conditions holds: 

(a) \H/Z{H)\ > g("'+5)/2; 

(b) 2\n, \H/Z{H)\ > g"'/^-^, and a p.p.d. r for {p,{n - l)f) divides 
\H\. 

Then one of the following holds: 

(i) H is contained in a proper parabolic subgroup of GLn{q); 

(ii) H < TLdiq') with l<s = n/d; 

(iii) n is even, (b) does not hold, and Spn{q) < H < CSpn{q); 

(iv) q is a square, (a) does not hold, and H < CUn[^)- 

Proof. If n 7^ 6, then the conditions on H imply that H := H / {Z{GLn{q))r\ 
H) is a subgroup of order > g^" of PGLn{q) and so we can apply the main 
result of [31] to If n = 6, we can argue directly using Aschbacher's 
Theorem [1]. In either case, one of the following must occur. 

1) H preserves some nonzero proper subspace W of the natural FqGL„(g)- 
module Af = , i.e. (i) holds. 

2) H preserves some decomposition = 14 © ... © 14 with dim Vi = 
d = n/k and k > 1, and so H < GLd{q) I Sfe. In particular, \H\ < 
Furthermore, if < n then r/|i?|, and if /c = n, then \H\ < (q — 1)" • n! < 

So this case does not happen. 

3) H preserves an extension field structure of M, i.e. (ii) holds. 

4) H preserves a subfield structure oiM. Then \H/Z{H)\ < |G-L„(y^)| < 
g"^/^, and r/|i^|, ruling out this case. 

5) H stabilizes a tensor decomposition M = A0 B, and so H < GLa{q) © 
GLb{q) with a,b<ab = n. Hence \H\ < < g"'/^, and r/|i/|. 

6) H permutes the factors of some tensor decomposition = Vi©. . .©V^j 
s > 1 and d := dim 14 > 1. Then \H\ divides \GLii{q)\^-sl and so it is coprime 
to r and smaller than /2+i^ 

7) H is contained in the normalizer of the action of Ac or Sc on its smallest 
module and n G {c- l,c- 2}. Then \H/Z{H)\ < (n + 2)! < g"'. If 2|n, 
then \H/Z{H)\ < g"'/2-4 ^^less {n,q) = (6,2), in which case r = 31/|iJ|. 

8) n = for some prime t/g and H normalizes a t- group T of symplectic 
type. In this case, \H/Z{H)\ < t2m^+3™^ so this case does not happen. 
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9) H is contained in the normalizer in GLn{q) of a classical group of 
dimension n over Fq. Notice that \COn{q)\ < and if n is even, then 

r )(\CO^{q). So we arrive at one of the following two cases. 

Case 1: n is even and H < CSpn{q)- Then r/|i/|, and (b) does not hold. 
Moreover, by (a), is a subgroup of CSpniq) of index < g("-5)/2(g _ i), 
whence H > Spn{q) [25l Table 5. 2. A]. So we arrive at (iii). 

Case 2: g is a square and H < CUn{^/q)- Then 

contradicting (a). We arrive at (iv). □ 

3. Basic reductions 

3.1. Reduction to subgroups transitive on 1-spaces. The following 
lemma is key. A similar idea appears in the study of irreducible restrictions 
from alternating type groups, see [39], [26l 3.9], [H 3.4], [271 2.5], [28l 7.4]. 

Lemma 3.1. Let G be a finite group and V E IBr(G). Assume that P < G 
is a subgroup such that the following conditions hold: 

(i) dimEndp(np) > 2; 

(ii) The module W := (Ip)!*^ is either a direct sum 1g(BA or a uniserial 
module {1g\A\1g) with composition factors Iq and A^Iq. 

Then, for any subgroup H < G, either G = HP or V[fj is reducible. 

Proof. Assume that G ^ HP. Then the Mackey decomposition 

Win = ®HgPeH\G/pi'^HnP9)]^ 

has more than one summand. Set U := (l//)!*^. It follows that 
HomG([/,VF) ^ YioiT^H{lH,WiH) 

— ®HgP£H\G/P^°^HnP9{^HnP9AHnP9) 

has dimension > 2. One of the elements in HomG'(C/, VF) is characterized 
uniquely up to scalar by the property that its image is precisely Iq C W. 
So there must also exist a G-homomorphism ip : U ^ W whose image is 
not contained in the unique G-submodule Iq of W. Set B := A (resp. 
B := {Ig\A)) iiW = Ig®A (resp. iiW = {Ig\A\Ig)). Then im.^Z) B. 
On the other hand, by (i), we have 

2 < dimHomp(y,y) = dimHomp(lp, End(y)) = dimHomG(T^, End(y)). 

One of the elements x S HomG(W, End(y)) is characterized uniquely up to 
scalar by the property that its image is precisely 1g- Then kerx = B. So 
there also exists a G-homomorphism (p : W ^ End(y) with Kei{(p) C B. 

It now follows that (p o ip : U End(y) is a G-homomorphism whose 
image is not contained in 1g, for otherwise (p{B) C 1^-, and so (piB) = 0, 
giving a contradiction. But there also exists a G-homomorphism 6 : U ^ 
End(y) with lm(6) = 1g- So 6 and (p o ip are two linearly independent 
elements of HomG(C/, End(y)). So dimHomcCf/, End(F)) > 2. Finally, 

dimYiouiHiyiH^ViH) = dimHomH(li^,End(l/)ij;^) 

= dim Home (C/,End(y)) > 2. 
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In particular, Vljj is reducible. □ 

Recall that Pi denotes a special parabolic in GLn, see §2.11 

Corollary 3.2. Let n > 3, SLn{q) < G < GLn{q), and suppose that V £ 
IBr(G) is irreducible over a subgroup H < G. Then ei^/ier dim EndpjnG(^) = 
1 or H acts transitively on the 1-spaces of M. 

Proof. The condition (ii) of Lemma [XT] is satisfied for P = Pi nG, see e.g. 
[37j . By the lemma, the irreducibility of on y implies that G = H^PiCiG), 
which is equivalent to H acting transitively on the 1-spaces of M. □ 

3.2. Hering's Theorem. In order to handle the second case arising in 
Corollary 13.21 we use Hering's theorem on the groups transitive on 1-spaces. 

Proposition 3.3. Let n > 3, Z := Z{GLn{q)), and let H < GLn{q) act 
transitively on the 1-spaces of N . Then one of the following holds: 

(i) H t> SLa{qi) with qf = and a>2; 

(ii) H > Sp2a{qi)' with qf"^ = q"' and a > 2; 

(iii) H O G2{qi)' with qf = and 2\q; 

(iv) HZ is contained in rLi(g"); 

(v) {q'',HZ) is(3^< 2i+4.S5), (3^ >5L2(5)), {2\Ar) or {3^ SL^iU)). 
Moreover, in the cases (i)-(iii), qi = q^ is a power of q, and H < TL^/g{q^). 

Proof. By assumption, HZ acts transitively on the nonzero vectors of AA. So 
M X HZ acts doubly transitively on J\f, with J\f acting via translations and 
HZ being the stabilizer of the zero vector. In this situation, we can apply 
Bering's theorem as given in [32] to HZ to arrive to (i)-(v). Note that if 
HZ contains a perfect normal subgroup R, then R = [R, R] < [HZ, HZ] = 
[H, H] and so R <] H. This is why in the cases (i)-(iii) we do not have Z. 

It remains to show that in the cases (i)-(iii), qi = g'^ is a power of q, and 
H < VLn/s{q^)- This is clear in the case H > Spi{2)\ so let H \> S, where 
S = SLa{qi), Sp2a{qi)' with (a, gi) / (2,2), or G2((?i)'. Then the smallest 
degree d of nontrivial irreducible projective representations of S/Z{S) over 
fields of characteristic p dividing q is d = a, d = 2a, or d = 6, respectively, 
cf. [25, 5.4.13]. So qf = g". 

Since H is transitive on the 1-spaces of M, H is irreducible on J\f, and so 
Ml g = Wi<3)W2® ■■■ ®Wt is a direct sum of irreducible FgS'-modules Wi 
(of the same dimension ni := n/t). Then Wi can be viewed as an absolutely 
irreducible 5-module Wq, over End5(W^i) = ¥gs for some integer s > 1. 

Write qi = p"", and assume that the smallest field over which the abso- 
lutely irreducible module Wq can be realized is ¥pb. Clearly, > p''. By [251 
5.4.4, 5.4.6], b\a and there is an irreducible FpS'-module M such that Wo^dVp 
is isomorphic to the tensor product of a/b Frobenius twists of M; in partic- 
ular, dim Wo = (dimM)"/''. Note that dimM > d. Otherwise dimM = 1, 
dim Wo = 1, S acts trivially on each Wi and on J\f, a contradiction as H 
acts faithfully on M. It follows that 

= qf = > = |Wi| = |Wo| = g^dimiyo > pbdimWo > 

On the other hand, d^'/^^^ > a/b since d > 2 and b\a, with equality exactly 
when either a = b, oi a/b = 2 = d. Thus b-d'^^'^ > da. Consequently, n = ni, 
q' =p\ dim Wo = d"/'' = da/b, qf = q"^''/\ and qi = q'^^^K 
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If a = 6, then qi = , d = n/s^ and Mis — can be viewed as the 
d-dimensional module Wq of S. Using [25l 5.4.11], one can show that, up to 
a twist by an automorphism of S, Wq is isomorphic to the natural module 
F^s of 5, whence H < TLd{q'). 

Finally, let a/6 = 2 = d, and so = SL2{q^^). Here Wq(^¥p is the tensor 
product of M = Fp and the q'^'-Frobenius twist of M, so it affords a unique 
up to scalar S-invariant quadratic form Q, cf. |25l p. 45]. As -ff > S, H 
preserves Q up to a scalar. Hence H preserves the set of nonzero Q-singular 
1-spaces in Wq , and so it cannot act transitively on the 1-spaces of N . □ 

3.3. Further reductions. In this subsection we exclude the semilinear sub- 
groups H < TLd{q^) with s = n/ d > 1. The case s = n is quite easy: 

Lemma 3.4. Let n > 3, SLn{q) <G< GLn{q), V G IBr(G), dimF > 1, 
and H < G be a subgroup ofTLi{q"). Then V is irreducible over H if and 
only ifl + 1 and (G,B,^miV) = (5L3(2),C7 : C3,3). 

Proof. We have K := rLi(g") ^ Cg^^^ : C„. Hence by [22l (6.15)], 
xnciK) < n. So dimV < mi{H) < mdH) < mc{K) < n. If (n,g) ^ (3,2), 
(3,4), (4,2), (4,3),thenby[l8],dimy >r),(5L„(g)) > (g"-g)/(g-l)-l > 
n, giving a contradiction. If {n,q) = (4,3), (4,2), or (3,4), then one 
can check that dimT/ > 7 > n, giving a contradiction again. Finally, if 
(n,g) = (3,2), we get the exceptional case. □ 

The case 1 < s < n is non-trivial. Note that the semilinear groups are 
not considered in [41J as their actions on G-modules are imprimitive. The 
exception in Proposition 13.51 will be ruled out in Proposition 17.11 

Proposition 3.5. Let n > 3, SLn{q) < G < GLn{q), and H < G is a 
subgroup of TLd{q'^) with 1 < s = n/d < n. If V & IBr(G) is irreducible 
over H and dimV > 1, then I ^ 2, G = SLn{-i), s = 2, and d = n/2 is odd. 

Proof. We may assume that H = G D TLd{q'^). We may also assume that s 
is prime, as TLn/stiQ^^) ^ ^^n/siQ^) whenever st\n. We consider two cases: 

Case 1: there is a p.p.d. r for {q, s). Set R := Or{Z {GLd{q^))) ■ Note that 
R = (g) is cyclic and R<\ H because r /(g — 1). In fact, H/Gh{R) is a cyclic 
group of order dividing s, as < GL^i^q^) ■ Cg and GLd{q^) centralizes R. 

Note further that ^ 7^ r, as otherwise 7^ Cv{g) < V is fixed by H. 
Also, g does not act trivially on V because r j({q — 1). Let dy{g) be the 
degree of the minimal polynomial of g acting on V . So g has exactly dv{g) 
eigenvalues on V, and the eigenspaces are permuted by H/Ch{R)- Now the 
irreducibility of -ff on 1/ implies dv{g) < s. 

Note that r'^ := \g\ equals the order of gZ[G) in G/Z{G) as r is coprime 
to the order of Z{G) < Cg-i. By the main result of 06], one of the following 
holds: (i) dv{g) > r°-~'^{r - 1); (n) r > 2, dv{g) = r""^(r - 1), and Sylow 
r-subgroups of G/Z{G) are cyclic. This leads to a contradiction, as in (i) 
or if a > 2 in (ii), we have dv{g) ^ r > s, and in (ii) with o = 1 we have 
s > dv{g) = r — 1 > s implying r = s + 1. As r and s are primes, we get 
r = 3, s = 2, n = ds > A, and p ^ 3, whence the Sylow r-subgroups of 
G/Z{G) are not cyclic. 

Case 2: there is no p.p.d. for {q,s). As s is prime, Lemma l2.ll implies 
that s = 2 and g = p = 2* — lisa Mersenne prime. Set r = 2 and consider 
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R := Or{Z{GLd{q'))) = {g) as above. Then \g\ = 2*+^. Set H n R = {h). 
Note that H is a normal subgroup of TLd{q^) with \TLd{q^) : H\2 < 2. 
So \h\ = 2*1+1 g^^^ hZ{G) has order 2*^ in G/Z{G) with t - I < ti < t. 
Moreover, \H/GH{h)\ < 2. As above, the irreducibiUty of on y now 
impUes that (. ^2 and dv{h) < 2. As the Sylow 2-subgroups of G/Z{G) are 
not cychc, we have dv{h) > '^^^^ by [46j. So t = 2, ti = 1, g = 3. Since 
ti = t — 1, we see that R ^ H. In particular G ^ GLn{q), i.e. G = 5'L„(3). 
Finally, if d is even, then g G SLn{q), so R < H, giving a contradiction. □ 

4. Quantum GLtv 

4.1. Overview. We want to exploit relations between quantum linear groups 
and representation theory of GLn{q) over the field F of non-defining char- 
acteristic [7]. We start with necessary definitions and some known results. 

Let G N, t be an indeterminate, R = Z[t,t-^, and K = Q{t). The 
quantized enveloping algebra of GL]\f (or quantum GL^) is the X-algebra 
U{N)k with generators Ei, Fi, Kj, Kr^, 1 < i < N, I < j < N, and 
certain well-known relations, see for example [8] §1]. For m,n ^ Z>o set 

[m]:=^^, H!:=nr=iW, □ := H[^-iM^-n+i] . 

Denote by U{N)ji the ii-subalgebra of U{N)x generated by 

F^^'\ Kj, Kj\ (^^) {s,m e Z>o, 1 < i < AT, 1 < j < A^), 

where 

(^) := ni:ii and X(^) := f for X E [/(AT);,. 

Let w G . We regard F as an i?-module by letting t act by multiplication 
with V. Set U{N) = U^{N) := U{N)r F, and let us use the (same) 
notation X^^\ Cm)' ^t^. for X'^^^ 1, (^^) 1, etc. We always consider 
U (N) as a subalgebra of U {N + 1) generated by 

{Sf \ F^'\ Kj, K-\ (^^) I s,m e Z>o, 1 < i < AT, 1 < J < A^}. 

Let ?7(A^)+ be the subalgebra of U{N) generated by all ^ and U{Nf 
be the subalgebra of U{N) generated by all Kj, KJ^ , {^). Set A{N) = 
(Z>o)^, and 

A+(A^) = {A = (Ai,...,A7v)eA(Ar)|Ai>--->A7v}, 
A{N,r) = {A = (Ai,...,A;v)GA(Ar)|Ai + --- + A7v = r}, 
A+(Af,r) = A+(Af) n A(A^,r). 
We identify A G A(A^) with a weight, i.e. the F-algebra homomorphism 
A:^(Ar)O^F, K,^v'^, (^^) - ("^). 

For every A G A+(A^) there exists a unique irreducible f/(A^)-module 
L]\f{\) with highest weight A. Moreover, if A S A"'"(A^, r), then 

where for a U {N)-module M, its ^-weight space is defined as follows: 
M^:= {v e M \ Kv = ti{K)v for any K £ U{Nf}. 
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Recall that q is a prime power with (i, q) = 1. Let d be a fixed positive 
integer. Set s = s{d) to be the minimal positive integer such that 

q'^' = 1 (mod £). 

In other words q'^ (considered as an element g'^ • If S F) is the primitive sth 
root of unity in F. By convention, s = oo if ^ = 0. Let u be a square root of 
q'^ in F such that if s is odd then v is also a primitive sth root of unity (such 

V always exists, see [TJ §1.3]). From now on, we assume that it is always this 

V that is used in the definition of the quantum group U{N) = Uv{N). 

It is also convenient to define e = e{d) to be the smallest positive integer 
such that in F we have Yli=o ^'^^ ~ example, assuming £ is positive, 

e = s if g'^ / 1 in F, and e = ^ if q''^ = 1 in F. If £ = then s = £ = e = oo. 

For a positive integer r, a partition A = (Ai, . . . , Xn) G A+(A^) is called 
r-restricted if Aj — Aj+i < r for all i = 1, 2, . . . , — 1. By convention, A is 
1-restricted if and only A = (0). By an {s,£)-adic expansion of A G A+(A^) 
we mean some (non-unique) way of writing 

A = A"^ + sA° + s£X^ + s£^X^ + ... (4.1) 

such that A^^ G A+(A^) is s-restricted and A* G A+(A^) is ^-restricted for 
each i >0. 

For each non-negative integer r there is the rth Frobenius twist operation 
M I— > MM, which associates a [/(A^)-module AfM to a polynomial GL7v(F)- 
module M so that the weig hts of are obtained from the usual GL (F)- 
weights of M by multiplication with s£^, see [TJ §1.3] for details. Now, the 
Steinberg Tensor Product Theorem in this context is (see e.g. |7i 1.3e]): 

Theorem 4.1. //AG A+(A^) has an {s,£)-adic decomposition (14. ip then 

Ln{X) ^ Ln{X-') Ln{XY^ L(Ai)W ® . . . 

Steinberg Tensor Product Theorem allows us to determine weight system 
of any irreducible C/(A^)-module -Ljv(A) if we take into account the following 

Theorem 4.2. [8l 1.4] Let X G A+(A^) be e-restricted. Then Ln{X)^ / 
if and only if is a weight of the irreducible polynomial GL]\f{C) -module 
with highest weight X, i.e. if and only if < X, where the partition jj,'^ G 
A"*" (A") is obtained from the composition /x by permuting parts, and < is the 
dominance order on partitions. 

For future reference we introduce 

Definition 4.3. A non-zero partition A is called e-divisible if e divides all 
parts of A'. If e = oo, the zero partition is the only e-divisible partition by 
convention. 

So e-divisible partitions are those for which L7v(A') is a Frobenius twist. 

4.2. Some results on branching for quantum GL]sj. The following no- 
tion is convenient when studying restrictions from U{N) to U{N — 1). 

Definition 4.4. Let A G A+(A^). For j > define the j-th level of the 
irreducible C/(A^)-module Liy{X) to be the subspace 

LN{X)[j] := Ln{X)^. 

fi such that /^AT— A]v=j 
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The following is easy to check: 

Lemma 4.5. Let A G A+(A^, A:). Each level L^{X)[j] is a suhmodule of 
LnW[u{n~i), we have LNiX)lu{N-i) = ©j>o-^^iv(A)[j], and all U{N - 1)- 
composition factors of the jth level LAr(A)[j] are of the form L7v-i(/i) for 

fieA+iN-i,k-j). 

Lemma 4.6. //LAr(A)[j] ^ (0) then < j < Xi — Xn- Moreover, if X is 
e-restricted, then the converse is true. 

Proof. This follows from Theorem 14.21 and the corresponding fact for poly- 
nomial representations of GL]\f{C), which is an easy exercise. □ 

Lemma 4.7. Let N > k and X G A+{N,k). Then LAr(A)[l] = (0) if and 
only if e divides all parts of X, i.e. X' is e-divisible 

Proof. Follows from Theorem 14. H weight considerations and Lemma [4.6[ □ 

Proposition 4.8. Let N > k and X G A+(A^, k). Assume that there is j > 
such that Ljv(A)[j] ^ and Ljv(A)[i] = for all positive integers i different 
from j. Then X is of the form (a™) with a = 1 or a = si^ for some r £ Z>o 
and m G N, in which case j = a and La? (A) [a] = L]\f{{a'^~^)). 

Proof. By Theorem 14.11 we may assume that A is e-restricted. Then by 
Lemma [4. 6 1 every level L[j] with < j < Ai — Aat is non-trivial. So we have 
Ai - Aat = 1. As > k, we have Xn = 0, hence A = (l'^). Finally, (l'^) 
is a minuscule weight, so L((l'')) coincides with the Weyl module A((l'')) 
of highest weight (l'^), and the second part of our proposition follows by 
weight considerations (cf. [6, 3.19(i)]). □ 

4.3. AfBne GLn and branching. Recall that we write GLn = GLn{q). 
By convention, GLq = {1}. For every < i < n, there is a functor 

a : mod (FGL„_i) mod (FAGL„), 

that sends irreducibles to irreducibles, and any irreducible Fj4GL„-module 
has a form e^L, where < i < n and L G IBr(G-L„_j). Moreover, e^L = CjN 
if and only if i = j and L = N, see [71 §5.1] for more details. If i 7^ j, the 
¥ AG Ln-modules eiL and CjN belong to different blocks [7, 5.1a(ii)]. The 
following key theorem provides a connection to quantum groups. In the 
theorem, U{N) is defined using (a square root v of) q'^, as explained in ^4.11 

Theorem 4.9. ^ 5.4d(ii)] Let n = dk, a he an element of degree d over 
¥q, Xh k. Then all composition factors of L{a, X)Ij^qi^__^ are of the form 
edj-iL(a, fi) for 1 < j < k and /i h (k — j). Moreover, if N > k, for such /x 
and j we have 

[L(cj,A)i^GL„_i : edj-iL{a,fi)] = [^jv(A')i,7(iv) : LN^iifJ-')]. 

Corollary 4.10. Let n = dk, a he an element of degree d over ¥q, X h k, 
and V = L{a, A). Then one of the following happens: 

(i) ^iAGLn-i composition factors edi-iL{a,i') and edj^iL{a, fi) 
with i 7^ j; in particular, the restriction ViAGLn^i ^'^^ composi- 
tion factors in at least two different blocks. 

(ii) A = (m'^) with a = 1 or a = si^ for some r G Z>o and m G N and 
L{a, (m"))i^GL„_i = eda-iL(a, (m - 1)"). 



REPRESENTATIONS OF THE GENERAL LINEAR GROUPS 



13 



Proof. Recall that the ylGL„_i-modules e^M and CjN lie in different blocks 
for i 7^ j. So, the result follows from Theorem 14.91 and Proposition 14.81 □ 

Here is a slightly different version. 

Corollary 4.11. Let n = dk, a be an (.' -element of degree d over Fg, \ \- k, 
and V = L{a, A). Then one of the following happens: 

(i) ^Iagl„^i f^^^ composition factors edi-iL{a,v) and edj~iL{a, fi) 
with i / j; in particular, the restriction V[j^qi^_^ has composi- 
tion factors in at least two different blocks. 

(ii) V = L{t, (m)) for r of degree da with a = 1 or a = sC for some 
r G Z>o, [Til] = [a], and L{t, (m))!^,^^^^^ = eda~iL{r, (m - 1)). 

Proof. Apply Corollary [HO] and [Tj 4.3e]. □ 

5. Maximal parabolics and dimension bounds 

Throughout the section: SLn < G < GLn, Pn-i < GL^ denotes the 
maximal parabolic subgroup consisting of the matrices in GL„ with the last 
row of the form (0, . . . , 0, *), and U is the unipotent radical of Pn-i- 

5.1. Restricting to a maximal parabolic. In view of Corollarv 13.21 we 
need to study irreducible FG-modules V with dimEndp^nG(^) = 1- It is 
more convenient to work with Pn-i instead of Pi, but see Remark 15. 61 below. 
The following result follows easily from Mackey theorem (cf. e.g. [7, 5.2a]): 

Lemma 5.1. Let V = Vi o ■ ■ ■ o Va e IBr(GL„) for a> 1. Then Vlp^^^ is 
decomposable. In particular, dimEndp^_-^(l/) > 1. 

Theorem 5.2. If V G IBr(GL„) then dimEndp^ ^ (1/) = 1 if and only 
if n = dk for some positive integers d,k and V = L{a,{k)) for an ele- 
ment a of degree d. In this exceptional case, y\,p^_^ is irreducible, and 
L{<T, (A:))i^GL„_i = ed-iL{a, {k - 1)). 

Proof. In view of Lemma 15.11 we may assume that V is Harish- Chandra 
indecomposable, i.e. V is of the form L{a,X). Since Pn-i — AGLn-i x 
Z{GLn), the theorem follows from the similar result for AGLn~i in place of 
P„_i, which comes from Corollaries 14.101 and 14. 1 ll □ 

There might be Harish-Chandra indecomposable constituents of W[q 
even if W is Harish-Chandra decomposable. At least we have: 

Theorem 5.3. Let SLn < G < GL^, P = Pn^i, W G IBr(GL„) be 

Harish-Chandra indecomposable, V be an irreducible constituent of WIq, 
and dimEndpnG(^ipnG) = 1- Then W is of the form L{t, (k)). 

Proof. We can write W = L{a, A) for some ^'-element a of degree d. Assume 
W cannot be rewritten as L{t, (k)) for some (possibly ^-singular) r. Set 
H := AGLn-i- By Corollarv 14. IH W[u has composition factors M := 
e(ii-iL{a, fj.) and := edj-iL{a,i^), with i ^ j, in two different iJ-blocks. 
We want to prove that T^ipnG ^^^o has composition factors in two different 
block, which of course implies dimEndpnG(^ipnG) — 2- 

Suppose for a contradiction that all composition factors of ^ipnG belong 
to one (Pn G)-block b. Note that P = Z{GLn) x H and Z{GLn) acts on W 
by scalars. Hence Wlp has composition factors of the form M := X^M and 
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N := X (S)N for X G IBr(Z(GL„)), and these are in different P-blocks. Let 
B be tlie P-block containing M. All P f] G-composition factors of M^ipnc 
belong to Uzgpft^, as PG = GLn- So B covers b and any P-conjugate V. 
There is an irreducible constituent L of M[pf-^Q which belongs to h. Let B' be 
the P-block containing N . Then B' also covers b. So there is an irreducible 
FP-module A'^' from the block B' such that L is an irreducible constituent 
of iV'ipnG- By LemmaESl N' = M®AioT some A G IBr(P/(P n G)). 

We can identify IBr(P/(P n G)) with IBr(GL„/G). So we may write 
A = L{a, (n)) for some ^'-element a of degree 1. Also, it is straightforward 
to check that the iZ-modules edi-iL^a, fi) (8) {L{a, {n))lfj) and eiii-iL(aa, fi) 
are isomorphic. Thus N'l^ = edi-iL{aa, fi) =: N', and N' = Y N' for 
some Y G IBr(Z(GL„)). Now recall that N = edj-iL{a,v) with i ^ j. It 
follows that N and N' belong to different //-blocks, whence N = X <Si N 
and N' = Y 1^ N' belong to different P-blocks, a contradiction. □ 

5.2. U-invariants. We now study the invariants of the unipotent radical 
U of P„_i. Recah Definition 

Theorem 5.4. Let n = dk for some positive integers d, k and L = L(a, X), 
where a is an element of degree d over ¥q, e = e{d), and X is a partition of 
k. Then LF ^ (0) if and only if d = 1 and X is not e-divisible. 

Proof Let etM G IBr(ylGL„_i), see Then (eiM)^ / (0) if and only if 
1 = 0. Now the result follows from Theorem 14.91 and Lemma |4.7[ □ 

We develop this for a more general situation: 

Theorem 5.5. Let SLn < G < GLn, W = L(cji,A(i)) o . . . o L(cJa, A^")), 
di = deg(cjj), and V he an irreducible constituent ofWlQ. IfV^ = 0, then 
for each i, either di > 1 or A*'*-' is e{di)- divisible. 

Proof. Set Li := L{ai,X^^^),i = l,...a. If dj = 1 and A*^*^ is not e(dj)- 
divisible for some i, we may assume that i = a since Harish-Chandra in- 
duction is commutative. Then L^ 7^ by Theorem 15. 4[ where U' is the 
unipotent radical of the standard maximal parabolic in GL^^(a)^. As W 
is the induction from a parabolic subgroup Q to GL„ of the Q-module 
L := Li® . . .® La with trivial action of the unipotent radical U" , it follows 
that L^'^" / 0. But U < U'U" and L C WIq, hence / 0. 

Now Pn-iG = GLn and GLn/G is cychc, so WIq = Vi® . . .®Vr, where 
Vj = gjV G IBr(G) for some gj £ Pn-i with gi = 1. As U < G, we must 
have Vj^ / for some j. But Vj = gjV and gj normalizes U. So 7^ 0. □ 

Remark 5.6. Results obtained for the parabolic Pn-i and an intermediate 
subgroup SLn < G < GLn have analogues for Pi since the inverse-transpose 
automorphism r sends Pi to a conjugate of P^-i, = G, and further- 

more, L{a,XY ^ L(cj-i, A), cf. [231 (7.33)]. 

5.3. [/-invariants and dimension bounds. As above, U = Op(P„_i). 

Lemma 5.7. Let L = L{a, A), deg(cj) = d, e = e{d), and A h = n/d. Set 
Nim,t) ■.= nT=iit'-l)- 

(i) If X = (k) then L lifts to a CGLn-module and we have dimL = 
N{kd,q)/N{k,q'^). 
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(ii) dimL is divisible by N{kd,q)/N{k,q'^). 

(iii) dimL > -l)/2ifd> 2, and dimL > g"'/^-!^^ _ if 
d>3. 

(iv) Assume that d = 1 and A is e-divisible. Then dimL > ^'^~^{<1 — 
l)/2 ife>2, and dimL > q'''' '^'^{q - I) /2 ife>3. 

Proof, (i) and (ii) are well-known, see e.g. [Hj or [3 3.5b,5.5d]. 

(iii) follows from (ii) and the estimate 01^2 ~ > 1/2 for m >2. 

(iv) By [141 (7.3)], we may assume that a is ^-regular. Then there is an 
^-singular element r of degree e over Fg with the ^'-part equal to a \13\ 2.3]. 
Choose fi h n/e such that fi' = (l/e)A'. Then L{a,X) = L(T,fi), cf. [Ml 
(7.3)]. Since e > 1, we can apply (iii) to L{t,^). □ 

Lemma 5.8. Leta>l,V = L{ai, A^^^) o . . . o L{aa, X^"^) G IBr(GL„), and 
= 0. Then d\uiV > q'^'^/^+^iq - 1) if n > 5, and dimV > q^{q - 1) if 
n = 4. 



Proof Set Vi, = L(o-i,A«), di = deg{ai), n., = di|A«|. By Theorem [531 
either di > 1, or A^*-* is e(dj)-divisible, whence dimT^ > q^il^~^{q — l)/2 
by Lemma 15.71 Moreover, we have dimV^ > g — 1 if = 2, and dimV^ > 
(9 ~ ^){q^ ~ 1) if = 3. Indeed, by Theorem 15.41 V^^' = where Ui is the 
unipotent radical of a maximal parabolic in GLm- Now the bounds follow 
using the explicit description of IBr(GL2) and IBr(GL3) in [23| . 

We apply induction on a > 2. Let a = 2. If n = 4, then ui = n2 = 2, and 

dimy >{q- 1)2 . %r_'}lf,:,'^ > g^'/^+H? - !)• 

If n = 5, then we may assume ni = 2, 712 = 3, and so 

dimy >iq- 1)2 (g2 _ 1) . (^^^(^ > q-y^+^iq - 1). 

A similar calculation shows that dimV > q"'^^'^^'^{q — l) if n > 6 but nin2 < 
12. Thus we may assume nin2 > 12. Now 

dimy = dimVi-dimFa- 



nrii(9^-i)-nrii('?^-i) 



q-l Y . ^n2/4+r!.2/4+nin2-2 

g-1 ^n2/4+nin2/2-2 
2 



. ^n2/4+nin2/2-2 > _ l)g" /4+2_ 

For the induction step, let a > 3 and V' := Vi o . . . o Va-i. Then m := 
n — na> A. By inductive assumption, dimF' > (7™ ^^^^((Z — 1). Recall that 
dim Fa > (7"^/^~-^(g — l)/2, and mua > 2{n — 2) > 8 as n > 6. Hence 

. n™^"''(a'— 1) 

dim V = dim F • dim Va ■ n"ii(q'-\)-n'"-^i(g'-i) 

> (g-l)^ . gm2/4+n2/4+„m^ ^ ^n2/4+mn„/2-l > ^n2/4+3 

This completes the proof. □ 



Corollary 5.9. Let n > 4, W £ IBr(GL„), SLn <G< GLn, and V be an 
irreducible constituent ofW[Q. Then one of the following holds. 

(i) dimEndp,nG(^) >2. 
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(ii) dimV > if n ^ 4,6, dimy > (g^ - l){q^ - 1) i/n = 4, and 
dimV > {q^ - - l){q^ - 1) if n = 6. 

(iii) W = L{a, {n/2)) for some element a of degree 2. 

Proof Note that dimV > dimW/{q - 1). If dimEndpinG(^) = 1 then 
dimEndp„_inG(^^) = 1, see Remark Mi and so (W)^ = 0. If W 
is Harish-Chandra induced, we can apply Lemma 15. 8[ Otherwise = 
L{a~^, (n/d)) for some element a of degree d > 1 by Theorem 15 .Si By Re- 
mark [521 this is equivalent to = L{a, (n/d)). If (iii) fails then d > 2. 
If n = 4, then d = 4, whence dimVF > {q — — — !)• If n = 5, 
then d = 5, whence dimM^ = nf=i(9* ~ 1) > q^^^'^~^'^{q - !)• The case 
n = 6 can be checked similarly. If n > 7, then Lemma I5.7f iii) yields 
dimW^ >{q- l)g"'/3-V2 >{q- l)q'''l^+^. □ 

5.4. SLn-reducibility and a dimension bound. We show that GL^- 
modules which are reducible over SL^ normally have large dimension: 

Proposition 5.10. Let n > A he even, and V he an irreducihle FGL„- 
module which is reducihle over SL^. Then one of the following holds: 

(i) dimF > 1). 

(ii) V = L{a, {n/2)) for some element a of degree 2. 

(iii) 1^2 and V = L{a, (n/2)) o L{-a, {n/2)) for an i' -element a £¥^. 

(iv) n = 4 and dimV > {q - l){q'^ - l){q^ - 1). 

Furthermore, if (ii) or (iii) occurs, then Vig^^ is a sum of two irreducihle 
constituents and V'^ which lift to CSLn-modules and V,^, respectively, 
and have the unique suhgroup in GLn of index 2 as their inertia group. 

Proof. If m > 2 we call an irreducible FGLm-module X large if 



1) Let V = Vio. . .oVa for some (not necessarily irreducible) GL„.-modules 
Vi, with Ui > 2 for all i. We claim that (i) holds if a > 2 and the GL^- 
modules Vi are large for all i. Apply induction on a > 2. Let o = 2. If n = 4, 



then m = n2 = 2, and dim V>{q-1)^- ^.^l^^ j/? > {q- l)g("'+")/4. The 



case n = 6 (when ni = 2, n2 = 4 or rii = n2 = 3) is similar. If n > 8 then 



nin2 > 2(n - 2) > 8 + n/2. As dimVi > g'"?/'^-^(g - l)/2, we have 



We have completed the base case a = 2. The induction step follows by 
considering V = W oVa similarly to the case n > 8 above. 

2) Let W = L{a,\) E IBr(GL„t) and either d := deg(o-) > 2 or A be 
e-divisible. Then Lemma l5.7f iii).(iv) (and a direct check for m < 4) show 
that W is large. If in addition 2|m and d > 2, then W satisfies (i), (ii), 
or (iv) for V = W. Indeed, if d > 3 and m > 6, then by Lemma l5.7r iii). 




diml/ 



> {{q - 1) /2))^ • g"J/4+n^/4+mn2-i 

> _ ]^)gnV4+ni "2/2-4 > _ l)g{«^+")/4_ 



dim Vi ■ dim V2 ■ 
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d\mW > {q- > (g _ i)^(m2+m)/4^ The case d > 3, m = 6 is 

checked directly. Let d = 2 but A / (m/2). By [7, 5.5d] (or [8j), 

dim^ > <72(f -1) UTJiiQ''-' -!)>('?- > (g - 

when m > 6. If m = 4, satisfies (iv). 

3) Let J > 2, = L(ti, A) o . . . o L(r,-, A) G IBr(GL™), and k := deg(ri) • 
|A| be the same for all i. We claim that W is large and, if 2|m, then 
either W satisfies (i) for F = or ^ L{a, (m/2)) o L(r, (m/2)) for f- 
elements cr, r of degree 1. Indeed, diml^ = 01=1 dimL(ri, A) • UiLiQ' - 
^)/iY\i=ii9^ — 1))-'. The cases 2 < m < 4 are checked directly. For m > 5, 
dimW^ > gE'=i*-JX-=i» = gfc'i0-i)/2 > ^my^^ ^ 2|m. 
If j > 3 then dimW" > gfc'iO-i)/2 > g™V3 > ^(m2+,„)/4+i^ as m > 6. If 
j = 2 but A / (m/2), then dimL(ri,A) > g'^/^-i [TBI [8], whence diml^ > 

4) Let SLn < R,T < G be such that i?/5L„ = Oe>{G/S), T/SL^ = 
Oe{G/S). As Vlgi^ is reducible, so is Vlj^ or l/j^" by Lemma [277^ 1). Write 
F = L((Ti, A^^)) o . . . o L{aa, A^")) for ^'-elements cjj with deg((Tj) = dj. 

5) Let VIr is reducible. By Lemma EZ^i) , ^^^^(T^)^ > 1. By Theo- 
rem EJl e = £ and AW,...,A(") are ^-divisible. If a > 2, then (i) holds by 

1) and 2). Let a = 1. As i\{q — 1), there is an ^-singular element r of degree 
£di and a partition such that V = L{ai, A^^^) = L{t,ij,), see [131 2.3], [HI 
(7.3)]. In fact, /i' = {X^^^Y/i. If £di > 3, the results of 2) applied to L(r,//) 
imply that (i) or (iv) holds. Let Idi = 2. Then 1 = 2 and di = 1. Applying 

2) to L{t,ij,), we see that (i), (ii) or (iv) holds. Assume (ii) happens. Then 
A^-"^) = (n/2,n/2). As di = 1, we may assume that V = L(l, (n/2, n/2)). 
We may choose r G F^2 to be a 2-element with t'^~^ = — 1. Then V lifts to 
the complex module Vc = L£{t, (n/2)). By Theorem 12.61 both Vi^i^ and 
{^c)isLn direct sums of two irreducible constituents. 

6) It remains to consider the case where Vlrp is reducible. By Lemmas 1 2. 31 
12.51 there is an ^'-element r 7^ 1 of degree 1 such that 

L(ai, A(i)) o . . . o L{c7a, A^-^)) ^ L(r<Ji, A^^)) o . . . o L(Ta„ A^")). (5.1) 

If a > 2 and di > 2 for all i, then (i) holds by 1) and 2). Assume that a > 2, 
di = 1 for 1 < i < k < a, and di > 1 for k < i < a. Then by (15. ip . the set 
{(crj,A^*^) I 1 < i < A;} is stable under multiplication by r, so it partitions 
into orbits of the form {(x,^), (rx,//), . . . , (r-'~"'^x, /x)}. If A; < a or /c = a 
but we have at least two orbits, then (i) holds by 1), 2), 3). If A; = a and we 
have one orbit, but (i) fails, then by 3), V = L{ai, (n/2)) o L((72, (n/2)). As 

o'2} is stable under multiplication by r 7^ 1, we have r = —1, a2 = — 
and 1^2. Note that in this case V lifts to the complex module Vc = 
Lc{(Ti, {n/2)) o Lc(— fji, (n/2)). Furthermore, by Theorem 12.61 both VIsl„ 
and {Vc)i SL„ direct sums of two irreducible constituents. 

Finally, let a = 1. By ()5.ip . ai and rai are conjugate, so di > 1. Applying 
the results of 2), we see that (i), (ii), or (iv) holds. Assume (ii) holds. As 
di = 2, we must have af = rai and so again r = — 1. Also, V lifts to the 
complex module Vc = L£{ai, {n/2)). Furthermore, by Theorem 12.61 both 
^lsL„ s-'^d VcisL^ are direct sums of two irreducible constituents. 
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7) If (ii) or (iii) hold, we have shown that V hfts to a complex module 
Vc, and both V and Vc are sums of two irreducible SL„-constituents. As 
GLn/SLn is cyclic, these constituents must have the same inertia group in 
GLn, which is the unique subgroup of index 2 in GLn. □ 

5.5. Some special modules. 

Lemma 5.11. Let q = pf , 2\n > 6, 5L„ < G < GLn, H < G, W = 
L{t, (n/2)) o L{-T, (n/2))) for r of degree 1 or W = L{a, (n/2)) for a of 
degree 2, and V S IBr(G) he an irreducible constituent ofW^Q. Then one 
of the following holds 

(i) V[u is reducible; 

(ii) \H/Z{H)\ > g"'/2-4 and \H\ is divisible by a p.p.d. r for {p, (n — 
1)/). Moreover, if q is a square then \H\ is divisible by a p.p.d. s 
forip, (n-l)//2). 

Proof Let (i) fail. By LemmaEZl diml^ > U'^Hiq'-l) > q''^/^-\q-l)/2, 
diml^ is divisible by a p.p.d. r for {p,{n — 1)/) and by a p.p.d. s for 
{p, {n — l)//2) if g is a square. If W[q is irreducible then V = W[q lifts 
to a complex module Wc- As V[u is irreducible, so is Wei//, whence 
\H/Z[H)\ > /2~^ and \H\ is divisible by r and by s if g is a square. 

Now suppose that WIq is reducible. In particular, q>2> and W[gi^^ is 
reducible. By Lemma 15.71 dim W < — 1). Hence by Proposition 

15.101 W[si^ = W^®W^, where each lifts to a complex module Wc , and 
and Wic have the same inertia group /, which is the unique subgroup 
of index 2 in GL„. We may assume that V[g]^^ = W^. Thus G stabilizes 
W^, and so G < I. But G/SL^ is cyclic, hence the G-invariance of W^^ 
implies that Wc^ extends to a CG-module Vc- Now V and (Vc mod t)[gi^ 
are two extensions to G of VF^, and again G/SLn is cyclic. Therefore, 
{Vc mod l)^V (^Aioi some A G IBr(G/5L„), cf. [Ml III.2.14]. Recah 
Vlu is irreducible and A is one-dimensional. It follows that (Vc mod tjiij 
is irreducible; in particular, Vc is irreducible over H. Notice that dimVc = 
(dimVF)/2 is divisible by r and is greater than /4-2^ conclude that 
\H/Z{H)\ > g"'/2-4 and is divisible by r and by s if g is a square. □ 

6. Restricting to arbitrary parabolic subgroups 
6.1. Some general facts. 

Lemma 6.1. Let N < H with H/N cyclic, P < H be such that PN = H, 
W S lBr{H) lift to a complex module Wq, V an irreducible constituent of 
Wlj\i, and T^ipniv be irreducible. Then dimW divides |Pn • (H : N). 

Proof As H/N is cyclic and PN = H, we have Wlj^ = ©-^iffiF with 
gi £ P, and t\{H : N). Since V^ipnAf irreducible, so is each giVlpf^j^, 
as P normalizes P D N. So all composition factors of VFIpp,^ have dimen- 
sion {dim W)/t. If X is a composition factor of (Wc)ipnAf then dimX = 
k{dimW)/t for some /c G N. As dimX divides |PnA^|, the claim follows. □ 

Lemma 6.2. Let N <\ H with H/N cyclic of order d. Assume that P,Q < 
H are such that QN = H, PgiQ ^ Pg2Q for some gi,g2 S H, and 
W G lBi{H) is U]" for some ¥P-module U. Assume in addition that 
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gcd(i^i,K2) < uis^{Ki/d,K2/d}, where Ki = {Q : n Q) for i = 1,2. 
Then any N -irreducible constituent V ofWlj^ is reducible over Q H N. 

Proof. Assume that Fjgnjv is irreducible. As H/N is cyclic and QN = H, 

we have Wlj^ = ©|=iVi, with Vi = QiV for some gi G Q, and t\d. Since Q 
normalizes Q D N, every V^Iq^^ is irreducible, of dimension D := dimF = 
(dim W) jt. On the other hand, by Mackey's Theorem, 

PxQ(^P\GIQ 

contains the summands {g~^Ui psing)!*^ of dimension Ki dim C/ for i = 1, 2. 
Hence D divides K\ dim \J and K2 dim [/, and so D| gcd(A'i, K-i) dim [/. By 
assumption, there is j ^ {li2} such that gcd(ii'i, i^2) < ^j/d- Hence 
dD < Kj dim?7 < dimH^ = tD, contradicting t\d. □ 

6.2. Irreducible restrictions for parabolics. 

Lemma 6.3. Let n > 2, and P,Q< GLn be maximal parabolic subgroups. 
Then there exist 51,52 £ GLn such that PgiQ / Pg2Q and K2/K1 > q — 1, 
where Ki = {Q : P^i n Q) for i = l,2. 

Proof. Let ei , . . . , Cn be a basis of A/". We may assume that Q is the stabilizer 

of an m-spacc (ei, . . . , e^), 1 < m < n — 1. We may replace P by any of 
its conjugates. So we may assume that P = Stabci^ ((ei, . . . , Cfc)), 1 < A: < 
n—1. Setting Li := \P^^r]Q\, it sufhces to find gi, 52 such that L1/L2 > q—l- 
First we consider the case k = m. Choosing 51 = 1, we get Li = 
^n(n-i)/2]-j|^^(^i _ i)W^-^[qi - 1). There is 52 G GL„ such that P^^ = 

StabGLj(ei,...,efc_i,efc+i)). Then L2 = {q - nti'l^' - 

1) I\7=i~\q' - 1)> whence L1/L2 = q{q'' - - l)/{q - if > q. 

Next we consider the case k <m. Choosing 51 = 1, we get 

L, = qn(n-m Yll^^qi _ 1) YYTJl^q' - 1) nr=T(9^ - !)• 

There is 52 € GLn such that P^^ = StabGL„((ei, . . . , efe_i, e^+i))- Then 

L2 = (g-i)gn{n-i)/2-(n.-fe+i) nti'(9^ " 1) Hi^i'^'i^^ " 1) nr=T"'(9^ - 1), 

u T /T g'"-'=+i(g'=-l)(q"-"-l) , , 

whence L1/L2 = ^gm-k+i_i)\g_^ >q-l- 

Finally, consider the case k > m. According to the previous case, there is 
h2 e GLn such that QP ^ Q/iaP and \Q n P\/\Q''^ nP\> q-1. Choosing 
52 = /i2 ^ we get PQ / Pg2Q and |Pn(5|/|(5nP52| > 1, as required. □ 

Now we are able to prove the main result of this section: 

Theorem 6.4. Let n>2, SL^ < G < GLn, V G IBr(G) be a constituent 
of WIq for W G IBr(GLji) with dimF > 1, and P be a proper parabolic 
subgroup of GLn such that ^ipnG irreducible. Then P is the stabilizer in 
GLn of a 1-space or of an {n — l)-space in the natural GLn-module N , and 

W = L{t, (k)) for some element r of degree n/k > 1. 

Proof. First we show that W is Harish-Chandra indecomposable. Otherwise 
W = J/tg^" for some FQ-module U and a proper parabolic Q. We may 
assume that Q and P are both maximal in GLn- Note that GLn/G is cyclic 
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of order < q — 1 and PG = GL^- By Lemma [6.31 {GL^, G, Q, P) satisfies all 
the hypotheses of Lemma [6^ on {H,N,Q,P). Hence Vipnc reducible. 

Thus V = L{a,X) for some A and a of degree n/|A|. For n = 2 the 
theorem is checked directly. Let n > 3. If dimEndp^nG(^) > 1) the ir- 
reducibility of l^ipnG imphes by Corollary 13.21 that P n G is transitive 
on 1-spaces in M, a contradiction. So dimEndp^nG(^) = 1- By Theo- 
rem (531 V = L{t, {n/d)) for some element r of degree d. By Lemma l5.7( i). 

dim L(r,(n/(i)) =]Xl=i{q' -I) / ]Ti=i{q'^' -I). We have d > lasdimW"> L 
By LemmaEH diml^ divides (g-l)|PnG|. So [q^'^ -l)/{q-l) divides 
|P|, see Lemma ISTfT ii). Suppose that there exists a p.p.d. r for {q,n — 1), 
see §2.11 Then the divisibility of \P\ by r implies that P cannot stabilize 
any m-space of N for 2 < m < n — 2. So P is the stabilizer of an 1-space 
or of an (n — l)-space. By Lemma 12.11 it remains to consider the cases 
(n, q) = (7, 2), or n = 3 and g = 2* — 1 is a Mersenne prime. In the former 
case, GLn = G, W = V = L{t, (1)), and dimVF divides |P|. In particular 
31 divides \P\, so P cannot stabilize an m-space for m = 3,4. On the other 
hand the stabilizer of any 2- or 5-space has order not divisible by dimW^. 
We conclude that P is the stabilizer of a 1- or a 6-space. Finally, let n = 3 
and g = 2** — 1 is a Mersenne prime. If P does not satisfy the conclusion of 
the theorem then |P| = g^(g — 1)^ and dimVl^ = (q ~ ~ !)• We have 
shown that (dimW) / {q — 1) divides |PnG|, so 2^|(2'' — 2)^. This can happen 
only when s = 2, whence q = 3. But in this last situation GL„ = Z{GLn)G, 
W = V, and dimVF does not divide \P\. □ 

6.3. Subgroups of Pn-i- Let <G< GLn, V G IBr(G) with dimF > 
1, and P = Pn~i = LU be the stabilizer in GLn of an (n — l)-space. In this 
subsection we study irreducible restrictions Vlu for subgroups H < P CiG. 
By Theorem 16.41 we may (and will) assume that y is a constituent of WIq 
for W of the form L{a, (k)), with a of degree d = n/k > 2, whose dimension 
is given in Lemma l5.7f i). Set Z = Z{GLn)- Then P = Z x AGLn~i- Also 
AGLn~i = ULi, where Li = GLn-i- Clearly, Vlfj is irreducible if and 
only if V is irreducible over HZ, and HZ = Z x Hi for a suitable subgroup 
Hi < AGLn-i- So we may (and will) assume that H < AGLn-i- We will 
also identify AGLn^i/U with Li. Then HU/U is identified with a subgroup 
of Li. The assumptions we have made so far will be valid throughout §g.3l 

Lemma 6.5. Let n > 4 and Vl^ be irreducible. Then one of the following 
holds: 

(i) HU/U> [Li,Li]^SLn-i; 

(ii) n = A, q = 2 or3, d = 2,W = L{a, (2)), dimV = q^ - 1, a'^ = -1 
if q = 3 and £ ^ 2, H = UM where GLi{q^) <M < TLi{q^) < Li. 
In this case Vl^^ is indeed irreducible. 

Proof. As dim{V) > 1, Vlu affords some, and so all nontrivial linear charac- 
ters of U. Now VI is irreducible and U<\HU, so HU must act transitively 
on IBt{U) \ {![/}, with U acting trivially. Identifying IBv{U) with F^~^, we 
see that HU/U is a subgroup of GLn-i{q) which acts transitively on the 
nonzero vectors of By Proposition 13.31 one of the following holds: 

(a) HU/U > SLaiqi) with qf = g""! and 2 < a|(n - 1); 

(b) HU/U \> Sp2a{qi)' with ql"" = g^^^ and 2 < a\{n - l)/2; 
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(c) HU/U t> G2{qi)' with ql = g", 2|g, and 6|(n - 1); 

(d) HU/U is contained in rLi(g"~i); 

(e) (g"-i,i/?7/C/) is one of the following: (3^ < 2l+^-S5), (3^ >5L2(5)), 
{2\^J) or (36,5L2(13)). 

We need to show that (a) holds with qi = q. Assume otherwise. 

First, we exclude (e). If {q''-\HU/U) = {2^,A7), then \H\ < \U\ ■ 
\Aj\ < 3152 = {dimVf, so VIh is reducible. The case {q^~^,HU/U) = 
(3^S•L2(13)) is similar. Let (n,g) = (5,3). As GL^{2,) = Z x SL^iS), 
V = W lifts to a complex module. So, if V[ u is irreducible, then dim V = 
ni=i(3* — 1) divides \H\, hence 5 • 13 divides \HU /U\. However, no proper 
subgroup of SLi{?,) has order divisible by 5 • 13 [H]. 

Assume that n = 4 and let t = k%^^{W). Then t|(4,g - 1), and dimF = 
{d\m.W)/t> {q^-l){q-l)/t. On the other hand, we have < rLi(g3) 

so \HU\ < 4(g^ - 1)^. So Vl^ is reducible iit < q-1. Let t = q-1, and so 
(? = 2,3 or 5. If d = 4 then dimV = {q^ - l){q^ - 1) > ^{q^ - 1), and VIh 
is reducible. Let d = 2. Then t < 2, so (7 = 2 or 3. Moreover, if g = 3, the 
equality t = 2 implies o"^ = — 1 if ^ 7^ 2, see Theorem 12.61 li H ^ U then 
HnU = {1}, and \H\ = \HU/U\ < 3{q^ - 1) < {dimVf. So H > U and 
H = UM for some M < Li. As HU/U acts transitively on g^ — 1 non-trivilal 
linear characters of U, we deduce M > GLi{q^). Conversely, if we are in 
(ii), then by dimensions, V[u is a sum of all non-trivial linear characters of 
U which are permuted transitively by M, and so VI is irreducible. 

Assume that n = 5. Then dimF > {d\mW)/{q - 1) = \[t=2{<i - !)• If 
HU/U > Spiiq), then \HU/U\ < \CSp4{q)\ = q^{q - l)(g2 - l)(g4 _ 1). if 
HU/U > 5L2(g2), then \HU/U\ < \TL2iq'^)\ = 2q^{q^ - l){q^ - 1). Also, 
|rLi(g^)| = 4(g^ — 1). In all cases, \H\ < (diml/)^ and so Vljj is reducible. 

If n = 6 then HU/U < TLi{q^), so \H\ < 5{q^ - l)g^ whereas dimV > 
{dimW)/{q - 1) > {q^ - l)iq^ - 1) > \/\H\, and Vljj is reducible. 



Finally, let n > 7. If n/k > 3 then diml/ > q"'^/^ ^ by Lemma l5.7f iii). 
Hence for any s > 2, |r(„_i)/,(g^)| = s|GL(„_i)/,(g^)| < sg(n-i)V^ < 
2g(n-i)V2 < (dim y)Vl?7|, SO cannot lie in rL(„_i)/,(g*). This leaves 
two possibilities: HU/U > or HU/U > ^2(9)' (with n = 7). Then 

\HU/U\ < \CSpn-i{q)\ <{q- l)g"("-i)/2 < {dimVf/\U\, and again VIh 
is reducible. If n/k = 2 then dimF > (dimI^)/2 = i]X^iliq^'-^ - l))/2. 
Since n — 1 is odd, we must have HU/U < rL(„_i)/g(g*) for some s > 3. It 
follows that \H\ < (dimV)'^, again a contradiction. □ 

Recall notation from §1.2[ 

Proposition 6.6. Let n > 3. 

(i) If H > [P,P] = U[L,L] then Vl^j is irreducible if and only if 
K{a,H) = KGiW). 

(ii) Let n > 4, H f] U ^ 1, and VIh ^-^ irreducible. Then either H > 
[P,P] = U[L,L] or the case (ii) of Lemma 1 6. 51 holds. 

Proof, (ii) If Vlfj is irreducible but (ii) of Lemma [6 . 5 1 fails . Then the lemma 
yields H/{H n [/) ^ HU/U > [Li,Li]. But i/ n [/ / 1 and [Li,Li] acts 
transitively on \ {1}, soH>U andH > U[L, L] = [P, P]. 
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(i) Write H = UMi with SL^-i < Mi < and let J < F^^ be the 

image of Mi under the determinant map. We have WIq = e^^i^^giV for 
some gi £ T := {diag(/„_i, a) | a £ F^} with gi = 1. As T normaUzes H, 
H acts on each giV. It suffices now to show that K{a, H) equals the number 
t of the irreducible summands of Wl . 

By Theorem 15.21 W[j<^q]^^_^ = ed-iL{a,{k — 1)). Recalling the explicit 
definition of the functor ea-i from [3 §5.1] and using the analogue of [3 
5.1a] for H n AGLn-i, we conclude that t equals the number of irreducible 
summands oi L{a,{k — where M2 = Mi n GLn-d, and det(M2) = J. 

By Lemma l2.4( the latter number is equal to 

Kf"-'{Lia, {k - 1))) • min{(4f;:^^(L(a, {k - 1))),, |GL„_,/M2|a (6.1) 

where M2 < B < GL^-d and B/M2 = Oe{GLn-d/M2). Applying Lem- 
mas 12.31 12.51 and Theorem 12.61 we see that each term in (|6.ip depends 

GL 

only on a and J, but not on k. For instance, Kgj^"~'^{L{a, {k — l)))e = 

gcd (q-l, deg{a,]) )^- Similarly, K{a,H) = K%lll^^{L{(j,{k))) also equals 
()6.ip . since det(Mi5L„) = J. Consequently, t = K{a,H). □ 

Example 6.7. Let W = L{a, (k)) and V be an irreducible constituent 
of Wlsi^. Then V is irreducible over the subgroup H = ASLn-i{q) of 
AGLn-i, as in this case. Mi = SLn~i{q) and so K{a,H) = k^i"(W). 

Proposition 6.8. Let n > 3 and HCiU = 1. Then Vl^j is irreducible if and 
only if [L,L] < H < Li(up to G-conjugacy), 2\n, and one of the following 
holds: 

(i) G = SLn{3) and if i ^ 2 then a'^ = -1. 

(ii) G = SLn{2) anda^l = a^. 

Proof. If n = 3, then diml/ > {dim.W)/{q — 1) > — 1, whence = 
\HU/U\ < IGL2I < (dimF)^, and Vljj is reducible. So we may assume that 
n > 4. Suppose Vijj is irreducible. By Lemma [631 H = HU/U > [Li,Li]. 
On the other hand, HU < AGLn-i, hence HU/U < GLn-i- Therefore 
K := [H,H] = SLn-i. Now observe that KU is a subgroup of [P, P] = 
ASLn-i of order \K\ ■ \U\ = \[P,P]\. Hence KU = ASL^-i = U[Li,Li]. 
Thus K and [Li,Li] are two complements to U in [-P, i-*]. 

If (n,g) ^ {(5, 2), (4, 2)}, then by [38] (for the case q = p) and [lOj (for 
the case g > 3), H^{SLn-i{q),¥'^~^) = 0, whence K is P- conjugate to 
[Li,Li] = [L,L]. If {n,q) = (5,2) then dlmV = 315 > ^/\H\, and so this 
case can be excluded. If (n, g) = (4,2) then H = Li = SL3{2), so we must 
have diml/ = 7. Note that V lifts to a complex module Vq which is the 
heart of the permutation module of G = SLii[2) = Ag acting on 8 letters. 
The irreducibility of {Vc)Ih is equivalent to H being 2-transitive. One can 
checlfl that any such a subgroup is conjugate to Li. Thus in any case we 
may assume that K = [Li,Li], and so H < Np{K) n AGLn-i = Li. 

As [L,L] < H < Li, H is centralized by T := {diag(/„_i, a) | a G FJ}. 
Write WIq = (B^^igiV for some gi G T. Then every composition factor 
of l^i// has dimension equal to dimF = {dimW)/t. On the other hand. 



We thank E. O'Brien for verifying this fact on computer. 
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W lifts to a complex module Wc = Lc{a,{k)). If Wi is an irreducible 
constituent of WqIhi then every composition factor of Wi (mod £) has di- 
mension dimy, so dim 1^1 > dimV = (dimW)/t. Thus Wc has at most 
t < q — 1 irreducible constituents on restriction to H, and so on restriction 
to Li = GLn-i as well. 

By O 5.1e], we have an isomorphism of functors 

where R denotes the Harish- Chandra induction, and F^^i is the Gelfand- 
Graev representation of GL^-i, which has at least {q — l)q'^~'^ composition 
factors [3 2.5d]. As L{a, {k))ly^Qi^^__^ = eii-i{L{a, {k — 1))), we conclude 

that L{a, {k))lQi^^_^ has at least {q — l)q'^~'^ composition factors. Hence, 
{q - < t < q - I and so d = 2. In this case, ^ff^lW") < 2 by 

Theorem ESI Hence {q - l)^'^"^ < t < 2, and so g < 3. 

If g = 2 then cr 7^ 1 = o"^, as d = 2. Moreover, H = GL„_i, and 

nH = ^(^,(n/2-l))oL(l,(l)), (6.2) 

which is irreducible. Indeed, this is clear if ^ 7^ 3. If ^ = 3, then L{a, {n/2 — 

1) ) o L(l, (1)) ^ L(l, (n/2 - 1, n/2 - 1, 1)), see [71 4.3e]. 

Let g = 3. Then t = 2 and G = 5L„(3). Also Fi = L(l, (1)) + L(-l, (1)) 
in the Grothendieck group. If £ 7^ 2 then cr S Fg is an ^'-element, so in the 
Grothendieck group of FLi-modules we have 

Wi^^ = iL{a, (n/2 - 1)) o L(l, (1))) + (L(^7, (n/2 - 1)) o L(-l, (1))) . (6.3) 

As 2|n, we have Li = Z{Li) x But Li > H > [Li,Li], so 

K^^^{W) = 2. Moreover, t = 2 imphes = -1. Finally,if i = 2, then 
o" G Fg is a 2-element of degree 2. So in the Grothendieck group we have 
WU, = 2L(1, (n/2 - 1, n/2 - 1)) o L(l, (1)) = 2L(1, (n/2 - 1, n/2 - 1, 1)) 
by [3 4.3e]. Thus Kf^"iW) = 2 Hence VIh is irreducible. 

The 'if part follows from ([62]) and ([63]). □ 

Lemma 6.9. Let n = 3, H Ci U ^ 1, and Vljj be irreducible. Then 
H>[P,P]. 

Proof. Assume the contrary. As HU/U acts transitively on Irr(C/) \ {![/} 
and so on [/ \ {!}, we have H > U and H = UM for some M < Li. Let 
t = K^^\W). Thendimy = {q - l){q^ - l)/t, and t| (3, g - 1). 

Let t = 1. Then |M| > (dimy)V|;7| > (g^ - 2){q - if. If g > 2, then 
{GL2 ■ M) < 2 and so M = Li, a contradiction, q = 2, then dim!/ = 3. 
By the Fong-Swan theorem, Vljj lifts to a C-ff-module as H is solvable. So 
3 divides \H\ and |M|, which implies that M > 6*^2(2), a contradiction. 

Finally, let t = 3 and g = 1 (mod 3). Then |M| > {dimVf/\U\ > {q^ - 

2) (g- 1)2/9. So, '\iq> 13, then {GL2{q) : M) <q-2. But the index of any 
proper subgroup of SL2{q) is at least g+l (for such q) [251 Table 5.2A]. Hence 
M > SL2{q), a contradiction. Let q = l. Then {SL2{7) : MnSL2{7)) < 11. 
But M acts transitively on 48 non-trivial characters of U, so |MnS'L2(7)| is 
divisible by 8. By pi], |Mn 5^2(7)1 = 48, and so |M| divides 6 • 48. Recah 
that Vlfj affords all non-trivial characters with multiplicity 2. Let A be such 
a character, and J = Stab// (A). Then Vljj = B]j for some 2-dimensional 
J-module B. Again, J is solvable, as J/U has order dividing 6. So B lifts 
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to a complex module of dimension 2, on which U acts via the character 2A. 
Hence J/U acts irreducibly on this complex module. So J/U = S3. On the 
other hand, the stabilizer of A in GL2{7) is isomorphic to C-j : Cq, and so 
it cannot contain 53 as a subgroup, giving a contradiction. Let q = A. As 
t = 3, we have G = SL^ii), dimV = 15. Note that M < Li n G = 312(4). 
As a proper subgroup of 5-L2(4), M is solvable, and hence so is H. Again, 
Vlfj lifts to a complex module, hence the irreducibility of Vl^j implies that 
15 divides \H\, and also |M|. But 5L2(4) does not have such a subgroup, 
giving a contradiction. □ 

Lemma 6.10. Ifn = 2 then Vl^ is irreducible if and only HZ{G) = PiCiG 
and one of the following holds: 

(i) dim F = g - 1 and GZ = GL2; 

(ii) g > 3 is odd, dimF = {q- l)/2, and G = Z{G)SL2. 

Proof. The cases g = 2, 3 are easy to check, so assume g > 4. Let Vl^ be 
irreducible. Note that dim V = {q — l)/t for t = 1 or 2. We have HCiU 1, 
for otherwise H = HU/U < AGLi/U is abelian, giving a contradiction. 
Note that HU acts transitively on the non-trivial linear characters of U 
which appear in Vljj. These characters appear with multiplicity 1, so their 
number is {q — l)/t. Hence HU has an orbit of length {q — l)/t on U \ {1}. 
One can now check that there are t iif-orbits on U \ {1}, each of length 
{q -l)/t. As HnU ^ 1, we conclude that H >U. If t = 1 then H = AGLi 
because it acts transitively on g — 1 non-trivial characters of U , and we arrive 
at (i). If t = 2, we arrive at (ii). The 'if part is straightforward. □ 

7. Transitive subgroups 
We consider the groups transitive on 1-spaces from Proposition 13.31 

7.1. rL(j(9). First, we rule out the case left in Proposition 13.51 

Proposition 7.1. Let I 2, d > 2, he odd, n = 2d, S = SLn{3), H = 
rL(i(9) n 5, and V G IBr(5) with dimF > 1. Then V[jj is reducible. 

Proof. Set G = GL„(3), K = rLd(9). If V extends to a G-module then the 
extension is reducible over H by Proposition 13.51 So we may assume that 
there is G IBr(G) such that W[s = V ®V' . Proposition 15.101 allows us 
to restrict to one of the following two cases: (a) dimF > 3"''+^/2_ 

In this 

case \H\ = \K\/2 = |GLd(9)| < 9"'" < (dimy)^. So V[h is reducible, (b) 
W satisfies (ii) or (iii) from Proposition 15.101 Then V lifts to a complex 
module Vc. As d > 3, there is a p.p.d. r for (3, 2d — 1), see Lemma |2. II By 
Lemma l5.7r i). r divides dimVc- On the other hand, r/|ff|, so Vc and V 
are both reducible over H. □ 

7.2. On irreducible characters of Sp2n(q)' In this subsection we use 
some facts from Deligne-Lusztig theory which can be found e.g. in [12j . 

Lemma 7.2. Let p he odd, n>2>, {n,q) ^ (3,3), S = Sp2n{q), X ^ Ii'r(S') 
have degree coprime to p, and 1 < x(l) < (q'^"' — l)/(9 — !)• Then x is one 
of the following characters: 

(i) four Weil characters of degree (g" — e)/2, two for each e = ±1; 

(ii) four characters of degree (g^" — l)/(2(g — e)), two for each e = ±1; 
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(iii) {q — 3)/2 characters of degree (g^" — l)/{q — 1); 

(iv) {q — l)/2 characters of degree (g^" — l)/(g + 1). 

Proof. By Lusztig's classification irreducible characters of S corresponds to 
pairs {{s),ip), where (s) is a semisimple conjugacy class in S* := S02n+i{q) 
and is a unipotent character of C := Cs*{s), with x(l) = -^V'(l)) where 
D = {S* : C)p'. Consider the natural module M = F^^+i for S* . 

1) If = A(BB is an orthogonal sum of two proper C-invariant subspaces, 
then one of the subspaces A, B has dimension 1 or 2. Indeed, otherwise we 
may assume 3 < dim^ = 2A; + 1 < 2n — 3. If 5 < 2fc + 1 < 2n — 5 then 
n > 5, and C < S* r^{0{A) xO{B)) = {S02k+i{q)xSO^^^_^^{q))-2, whence 
D > qin-mk+l) 1^ > g2n+5/8 > g2n+3_ jf ^^^j^ = 2n - 3, then dimi3 = 4, 
C < {S02n^M X SO^{q)) ■ 2, and so 

D > (g2"-l)(g2"-2 _ l)/2(g2 _ 1)(^2 ^ 1) > (^2n _ -^y _ 

as n > 3 and {n,q) ^ (3,3). Finally, if dim^ = 3, then dim;B = 2n — 2, 
C < (503(g) X 504_2(g)) • 2, and so 

D > (g2"-l)(g2n-2 _ i)/2(g2 _ ^ 1) > (^2n _ _ 

again, because n > 3 and {n,q) / (3,3). 

2) One can show (cf. the proof of |44l 5.2]) that is an orthogonal sum 
(Bj-iMi of C-invariant nondegenerate subspaces, with summands satisfying 
one of the following: (a) Mi has odd dimension and s\Mi = ^Mi-, (b) Mi 
has even dimension and s\mi = —^Mii (c) Mi has even dimension 2kd, s± 1 
is nondegenerate on Mi^ and Co[Mi){^\Mi) = GL^{q'^) < SO{Mi) (where 
GL^ stands for GL if e = + and for GU if e = — ). We may assume that 
Ml = Ker(s — 1). If t > 3, we can write M = A(B B as an orthogonal sum 
of two C-invariant subspaces of dimension > 3, contrary to 1). If i = 1, then 
1 < x(l) = V'(l) is the degree of some nontrivial unipotent character of S*, 
and so it is divisible by p, see the proof of [35\ 7.2]. It remains to consider 
the case t = 2. By 1) there are two possible possibilities. 

Case 1: dimTWi = 1. If s\m2 ~^M2^ then C = GL^{q'^) with kd = n, 
and so D > (g^" - l)/{q- 1). Hence s\m2 = -^M2^ C = 02„(g). As is a 
unipotent character of 02n(g) °f degree coprime to p, we have -0(1) = 1 as 
above. In fact, C has two unipotent characters of degree 1 for each e = it. 
This leads to four characters of degrees as in (i), and these must be Weil 
characters by [Ml 5.2]. 

Case 2: dimTWi = 2n— 1. Supposes|;\42 7^ —^M2- Then C = 502n-i('?)x 
GL\[q) with e = ±. As above, -0(1) = !> hence V' is trivial, and x(l) = 
(g2n _ \y(^q — g). Moreover, s\m2 ^ GL\{q) has order > 2 and s and 
are conjugate in S* . Thus we arrive at (iii) when e = + and at (iv) when 
e = — . Finally, assume s\m2 — ~^M2- Then C = (502n-i(9) x SO^iq)) ■ 2. 
Again V'(l) = 1) ^-iid C has two unipotent characters of degree 1 for each 
e = lb. This leads to the conclusion (ii). For a future reference, we fix such 
a decomposition V = Mi © M2-, where M2 is a 2-dimensional orthogo- 
nal subspace of type +, and denote by T the subgroup {5 G 5* | g\Mi = 
l^i,det(5|A^2) = !}• Notice that T^¥^. □ 

Lemma 7.3. Let Q he a connected reductive algebraic group in characteristic 
p ^ I and F he a Frohenius map on Q. Let the pair {Q* , F*) he dual to [Q, F), 
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and set G := and G* := (G*)^* ■ Assume that Xi S Iit(G) belongs to 
the rational series £{G, (si)) corresponding to the G* -conjugacy class of the 
semisimple element Si £ G* , and ti is the I' -part of Si, for i = 1,2. 

(i) Ifti andt2 are not G* -conjugate, then xi and X2 belong to different 
i-blocks of G. 

(ii) = {G* : GG*{ti))pi , then xi(mod£) is irreducible. 

Proof. Set £i{G,{ti)) = [j£{G,{uti)), the union over all ^-elements u G 
CG*{ti). By [5], £i{G, {ti)) is a union of ^-blocks, so we get (i), as distinct 
rational series are disjoint. Next, by [21], the degree of any irreducible 
Brauer character in £i{G, (ti)) is divisible by (G* : Gq* (ii))p'j giving (ii). □ 

7.3. Restrictions to Sp2n(q)' 

Proposition 7.4. Let S = Sp2n{q) < H = GSp2n{q) < G = GL2n{q) with 
n>2, and V = L{a, (1)) o L(r, (2n — 1)) for £' -elements a / r in . Then: 

(i) If T ^ zbfj then VI 5 is irreducible. 

(ii) If T = —a then V\,ii is irreducible and Vlg is reducible. 

Proof. By Lemma [2. 5 1 we may assume that r = 1. If g is even, the statement 
has been proved in [191 7.10]. Let q be odd. 

1) The 1-dimensional GLi-module L{a, (1)) defines a nontrivial character 
a : Fq ^ . Fix 7 G F^ with 0(7) ^ 1 and a Witt basis ei, /i, . . . , e^, fn 
for the natural module Af = F^" of S. Let A = ¥ ■ v he the 1-dimensional 
module of P = StabG((ei)), where hv = a{f3h)v for any h G P with h{ei) = 
Phei- Then V = A'f'^. If X < G is a subgroup with G = XP, 

Endx(^) = 0Rgij6iJ\x/i?HomijniJ9(^iijnij9>^^ifinH9)> 

where R:= X nP. For X G {H, S}, we have X = uf^^RgiR with gi = 1, 
52(61) = 62, and 53(61) = fi- Set 

Ni := dimHomijniJ9» {MRnR!>^ > ^^Uijni?« )• 
Then obviously Ni = 1. Furthermore, N2 = as R D R^^ contains an 
element y with y(ei) = ei and 1/(62) = 762- If X = H, then A^3 = 0, as 
R n R^^ contains an element z with z{ei) = ei and z{fi) = 7/1. If X = 5, 
then for any element z £ RCi R^^ we have 2;(6i) = /J^ei and z{fi) = fS^^fi, 
whence = if a 7^ a^^ and ^3 = 1 if a = a^^ . We have shown that 
dimEndx(^) equals 1 ii X = H , or if X = S and cr ^ —1, and 2 if X = S" 
and cr = — 1. In particular, we are done if i = 0. 

Set Vc{d) := Lc{S,{l)) o Lc(l, (2n - 1)) for 6 £ ¥^ . Using Mackey's 
formula as above, one can check that Hom5(Vc('^)i 5; ^c(<^')is) / precisely 
when 6' = 6^^. In particular, Vci6)is = Vc((5"^)i5 when S ^ ±1 since the 
modules are irreducible. 

2) If (n, q) = (3, 3), then a = —1 and £ ^ 2. By 1), Vc{cr) is an irreducible 
i?-module of dimension 364 splitting into two irreducible S'-modules. Using 
[11| and [23], we can verify (ii). The case (n, q) = (2, 3) is checked similarly. 

3) Now assume {n,q) / (2,3), (3,3). Let xs be the character of Vc{6). 
By 1), xsis is irreducible of degree (g^" — l)/{q — l)if6^ ±1, and X-iis — 
Pi + P2, the sum of two irreducible characters of degree (g^" — 1)/ {2{q — 1)). 

If n > 3, then by Lemma 17.21 Xsis ^ il is the semisimple 
character ipt labeled by an element t of a certain subgroup T of the dual 
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S* = S02n+i{Q), 7^ 1) and v't(l) = (5'* : Cs*{t))p'. This T appears in 
Case 2 of the proof of Lemma 17.21 and is identified with F^. Moreover, pi 
and p2 are contained in the rational series £{S, (j)) for an involution j S 5* 
with (5* : Cs*{j))p' = Pi(l) = P2(l)- The same statements hold for n = 2. 
Indeed, xsls with 6 ^ ±1 is some (,3{k), and pi and p2 are $5 and $6 in 
the notation of [l3]; their Jordan decomposition is given in [47j . 

Write F^ = ^ U U, where ^ is the set of t whose £'-part is 1 or —1, and 
let C := Oe{¥^). Set k = 1 if £ = 2 and k = 2 if £ / 2. Note that \C\ 
divides \A\ (in fact 1^41 = k\C\) and \B\. Consider t,t' £ B. Since t and 
the £'-part of t have the same centralizer in S* , by Lemma 17.31 we see that 
(pt{va.od £) is irreducible; moreover, ipt and ipt' belong to different ^-blocks if 
t^^t' ^ C (indeed, in this case the £'-parts of t and t' are not 5'*-conjugate). 
We noted above that xsis / XS'is whenever 5' / 6^^. So, when we vary 
(5 G \{ibl}, the restrictions xsis yield all irreducible characters of degree 
(g2" - l)/{q - 1) of S, which are the ipt with ±1 / t G F^. 

Moreover, when we vary 6 £¥^, the restrictions of xsi^odi) to S yield 
at least |-B|/k|C| distinct irreducible Brauer characters of S of degree ((7^" — 
l)/{q — 1). On the other hand, by [23], X5(™od£) = xs'i^odl) if 5 = 
(5'(modC). In particular, if 5 G A then the restriction of X5(mod^) to 5" 
equals x±i(niod£)|5 which is reducible as x±iis is reducible. Thus when 
we vary 5 G F^, the restrictions of xsi^odi) to S yield at most (|F^| — 
|yl|)/K|C| = |i?|/K|C| irreducible Brauer characters of S of degree (g^" — 
l)/{q — 1) as composition factors, and this restriction can be irreducible 
only when 5 GB. Consequently, xsi^od £)lg is irreducible precisely when 
6 G B. In particular, Vlg is irreducible if o" 7^ ±1. 

4) Finally, let a = —1 (so ^ ^ 2). Recall that pi and p2 are irreducible 
characters in the rational series S{S, (j)) for some involution j G S* and 
{S* : Cs*{j))pi = PiiX) = PiO-)- By Lemma [7.31 pj(mod£) is irreducible 
for i = 1,2, since £ 7^ 2 = Set Pm ■= Stahniiei, . . . , em))- Then U := 
Op{Pm) is elementary abelian, and X-iiu = Xiiu- But xiis = ^Pns^S is 
the permutation character of S on 1-spaces of M. So, by [30j, Xiiu affords 
two Pm n S'-orbits of nontrivial linear characters of U of length (g" — l)/2, 
fused by Pm, each with multiplicity 1 (and some other orbits). As X-iIh is 
irreducible, one of them is afforded by piijj and the other by P2lu- Thus 
the two Brauer characters pi{mod£), i = 1,2, are irreducible, ff-conjugate, 
but distinct. So Vljj (affording (pi + /92)(mod £) over S) is irreducible. □ 

Theorem 7.5. Let n > 2, G = GL2n{q), H = CSp2n{q), S = Sp2n{q), 
V G IBr(G), dimF > 1. Then Vl^ is irreducible if and only if V = 
L{a, (1)) o L(r, (2n — 1)) for some i' -elements cr,T g¥^ with t ^ a, in which 
case dimV = (g^" — l)/(g — 1). Moreover, such a module V is irreducible 
over S if and only if t ^ ibcj. 

Proof. 1) The 'if part follows from Proposition 17.41 Moreover, the theorem 
is checked directly for (n, q) = (2, 2) (see [H] and [2i]). So let (n, q) / (2, 2). 
Pick a Witt basis ei, /i, . . . , e„, /„ for the natural module J\f = F^" of S. If J 
is the Gram matrix of the symplectic form in this basis, then for any h G H, 
^hJh = a{h)J for some a{h) G F^ . Define the involutory automorphism /3 
of G via I3{g) = J^g-^J-\ Then /3(/i) = /i(mod Z{G)) for all hG H. 
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2) First we assume that V is Harish-Chandra indecomposable, i.e. V = 
L{a, A) for some a of degree d\2n and A h 2n/d. Consider three cases. 

Case 1: d = 1. Using Lemma 12.51 we may assume a = 1, X ^ (2n). Then 
Z{G) acts trivially on V, so V can be considered as a module over G/Z{G). 
Let 7 be the inverse-transpose automorphism of G. By [23l (7.33)], V is 
7-invariant. Hence V is /3-invariant, too. So V extends to a module V over 
G := {G/Z{G),P). Now HZ{G)/Z{G) < C^{P), as P{h) = h{modZ{G)) 
for all h £ H. Consequently, if Vl^j is irreducible, then (3 acts scalarly on 
V, and so /3 centralizes G/Z{G), giving a contradiction. 

Case 2: d = 2. By Lemma f2.lt there is a p.p.d. r for (g, 2n — 1). Note that 
r/|i7|. By Lemma l5.7( i). if A = (n), then V lifts to a complex module Vc 
and r \ dimVc, whence Vci// is reducible and so is Vl^. Thus A ^ (n). By 
[3 5.5d], dimL(CT,A) = N d\uiL^'^\l,X), where N = YYl^iiq^''^ - 1) and 
L(^)(1,A) is an irreducible GL„((7^)-module corresponding to the symbol 
(1,A). As A / (n), we have dimL(2)(l,A) > g^n-a _ i by [l8l|8]. Hence 
dim!/ = iVdimL(2)(l,A) > - l)g"'+2"-3/2, and so dimV > me{H) if 
n > 3. If n = 2, then g > 3, and dimV = dimL(<T, (l^)) > {q - - 
l){q^ — 1) > xn£{H). We conclude that Vijj; is reducible in the Case 2. 

Case 3: d > 3. Note that mi{H) = m/(5) < ^/\S\ < g"'+V2 if g = 2, 

m,(i^) < {q-i)Ms) < ('?-i)(nr=i(9'^-i))/(9-ir < 9"'+"-' if r^,? > 3, 

and m£(C5p4(g)) < {q + - 1), cf. [H]. On the other hand, dimV > 
{q — /^^^/2 by Lemma [STl iii). Hence dimF > mi{H) if n,q > 3, or 

if g = 2 and n > 4. If (n, g) = (3, 2), then dim V > 1395 > 720 = m^(iJ). If 
n = 2 then q>3 and d = 4, hence dimF = (g- l)(g^ - l)(g^ - 1) > mi{H). 
Thus in all cases Vl^ is reducible. 

3) Now we may assume that V is induced from the stabilizer P in G 
of a /c-space M C M, 1 < k < n. If A; > 2, then has at least two 
orbits on fc-spaces of M, one containing a totally isotropic subspace and 
another containing a non-totally isotropic subspace. Then V\ljj is reducible 
by Mackey's Theorem. So we may assume k = 1, M = A4i := (ei), 
and V = L(cj, (1)) o L(r, A), where a ^ t are ^'-elements, deg{a) = 1, 
deg(T) = d\{2n - 1) and A h (2n - l)/d. 

4) Set Ai2 '■= (e2, . . . , e„, /i, /2, . . . , /n)- Consider the module W = 
L{a, (1)) (g) L(t, A) over the Levi subgroup L := GL{Mi) x GL{M2) = 
GLi X GL2n-i oi P = UL with [/ = Op{P). Inflating W to P, we have 
V = W]$. If dim I^ = 1, then dim L(r, A) = 1, whence d = 1, A = (2n-l). 
So it suffices to show that VIh is irreducible implies diml^ = 1. Assume 
for a contradiction that Vl^j is irreducible, but dimVF > 1. 

We can write L = Z{G) x L2, where L2 := GL{M2)- Clearly, W[i^ is 
irreducible. Since V[u = {W [uf-^p)}H , W^ij/nP irreducible. Set Qi := 
H n P, Q2 := StabL2((e2, . . . ,e„,/2, . . . ,/n)). Then, for i = 1,2, Ui = 
OpiQi) has order g^^-i. Moreover, Qi < Z{G)UQ2 and U <UUi = UU2. 

Case 1: W^-" / 0. As U acts trivially on W and UUi = UU2, we see 
that W^'^ 7^ 0, but Ui does not act trivially on W (otherwise U2 < L2 acts 
trivially on W and so diml^ = 1). Thus Wi^r^p = GwiUi) \W, Ui] is a 
direct sum of two nonzero submodules and so it is reducible. 

Case 2: W^'^ = 0. Now Wl^^ = L{t,\) is an irreducible L2-module, and 
U2 is the unipotent radical of the parabolic Q2 < L2- Applying Theorem l5.4l 
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to L(r, A), we see that either d > 1, or d = 1 and e(l)|A'. In the former case 
d > 3 and in the latter case e(l) > 3, as they divide 2n — 1. In either case, 
dimW = dimL(r, A) > (q - l)g(2"-i)'/3-i/2 by Lemma E7i;iii),(iv). So 

dimy = dim L(r, A) • (g^" - l)/{q - 1) > (g2n _ i)g(2"-i)V3-i/2 > me{H) 

if n > 3. If n = 2, then q > 3, dimL(r,A) > {q - l){q^ - 1) and dimF > 
(g2 - l)(g4 _ 1) > mi{H). Thus Fi^ is reducible. □ 

7.4. Restrictions to G2(q). 

Proposition 7.6. Let q = 2^ , G = GLeiq), G2{q)' <\ H < G, and V ^ 
IBr(G) with dimV > 1. Then Vi^^ is irreducible if and only if V = 
L{a, (1)) o L(r, (5)) for some i' -elements cr / r G . 

Proof. The case g = 2 is a direct check |1H I24j . Let q > 2. The group 
G2{q) acts irreducibly on the natural module J\f. But the (nontrivial) field 
automorphisms of G2{q) do not stabilize this action, so H = Z{H) x G2{q), 
and we may assume that H = G2 (q) ■ 

As diml^ < ^/\G2{q)\, |18] or [H 3.4] implies that V = L{t, (5, 1)), or ^ = 
L((T, (1)) o L(t, (5)), for some ^'-elements a, r G Fg . Using Lemma [231 we 
may assume r = 1. By [19], L(l, (5, 1)) is reducible over SpQ^q) > H, so we 
may assume V = L{a, (l))oL(l, (5)). In particular, dimF = {q^ — l)/{q — l). 

We consider the restriction to H of the characters Xo- of the G-module 
Lc((T, (1)) o Lc(l,(5)). By [15], all irreducible characters of degree {q^ — 
l)/{q — 1) are induced from one of the two maximal parabolic subgroups 
P, Q in the notation of [15] , where Q is the stabilizer in of a 1-space in 
M. Now H has {q — 2)/2 irreducible characters X3(^)) ^ ^ k < {q — 2)/2, of 
degree (g^ — l)/(g — 1), which are induced from Q. Inspecting the values of 
these characters at the classes C2i(i) (in the notation of [15])) we see that 
XctIh — Xa-^iHi s-^d the restrictions of Xa- to -ff, with 1 7^ a G F^ , yield 
the aforementioned {q — 2)/2 irreducible characters X'i{k)- We are done in 
the case £ = 0. Now, let ^ > 0. 

By [20J, the characters X3(^) ^-I's the semisimple characters corresponding 
to the conjugacy classes in H* = H of certain elements hia{i) G F^ . Using 
Lemma [7. 31 (or information on the decomposition matrix [20]), one sees that 
among the X3(^)(mod^) there are at least m := {{q — 1)^/ — l)/2 distinct 
irreducible Brauer characters of H. On the other hand, by [23J, Xo-(™od 
i) = Xr(mod£) if ai' = r^/, and, as mentioned above, x<jIh = Xct-'^Ih- 
particular, if a is an ^-element then Xai^od = xi{^od£)lfj, which is 
reducible, as xi is reducible. So, if we vary cj G Fg , the restrictions Xo-(mod 
^)Ih yield at most m irreducible Brauer characters of H, and this restriction 
can be irreducible only when a is not an ^-element. Hence Xo-(™od^)|j;^ 
is irreducible if and only if a is not an ^-element. In particular, Vl^^ is 
irreducible if o" 7^ 1. □ 

8. Proofs of main theorems and further results 

8.1. Proof of Theorem 11.21 If H is reducible on the natural module M, 
then H is contained in a parabolic subgroup of G. Applying Theorem 16.41 
and Propositions 16. 6116.81 we arrive at the cases in Theorem ll.2l fi). From now 
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on we assume that H is irreducible on M. By Lemma 13.41 and Propositions 
13.51 17.11 we may also assume that H ^ TLfi{q^) for any s = n/d with s > 1. 

Let W be as in Lemma 15.111 By the lemma, either is reducible or 
the condition (b) of Proposition 12.101 holds. In view of the proposition and 
using the above assumptions on H, we are left with only one possibility: q is 
a square, n is even, and H < CUni^/q)- But |C?7„(y^)| cannot be divisible 
by any p.p.d. for {p, [n — l)//2). This contradicts Lemma lS.lll From now 
on we assume that W is not as in Lemma lS.lll 

Assume that H is intransitive on 1-spaces of N . The irreducibility of H on 
V implies by Corollarv 13.21 that dimEndp^ncl^) = 1- Applying Corollary 
[Qlto V, we conclude that A\mV > So \H/Z{H)\ > (diml/)^ > 

+5)/2_ jsjow Proposition 12.101 implies that n is even and Spn{q) < H < 
CSpn{q)- So H is transitive on 1-spaces of AA, a contradiction. 

Finally, let H be transitive on 1-spaces of N . We can apply Proposi- 
tion [331 Note that 5L2(13) is reducible on V (as d\mV > 362 [HI [8]). 
Thus H \> Spn{q) or > G2 ((?)'. If VFj^ is irreducible, then by Theo- 
rem 17.51 and Proposition 17.61 Wlfj is irreducible if and only if the pos- 
sibility (ii) in Theorem 11.21 occurs. If W[q is reducible, then by Propo- 
sition EIOl dimW^ > {q- l)g("'+")/'^, whence dimF > and so 
\H/Z{H)\ > g("'+")/2. This excludes both possibilities for H. 

8.2. Aschbacher's program and Problem 11.11 for groups of type A. 

Consider the situation H < G < T considered right before Problem 11.11 
with both H,G G S. We will explain how one can use Theorem 11.21 to find 
all possibilities for such H, if G is assumed to be an almost quasi-simple 
Lie-type group of type A, under the mild assumption that H ^ C2U C4. 

Corollary 8.1. Let G be a finite almost quasi-simple group, with PSLn{q), 
n > 5, as its unique non-abelian composition factor, and let H < G be an 
almost quasi-simple subgroup. Let V S IBr(G) be such that dim{V) > 1, 
£)(q, and Vl^ be irreducible, primitive, and tensor-indecomposable. Then 
one of the following holds for L := and S := 0*^°°^ 

(i) L = S is a quotient of SLn{q) by a central subgroup. 

(ii) n is even, V is a Weil representation of degree {q^ — l)/{q — 1) 
(when viewed as an SLn{q) -representation), and either L/Z{L) = 
PSpniq), or 2\q and L ^ ^2(9)'. 

(iii) Viewing V as the module over the full cover S = SLn of S, V is an 
irreducible constituent of L[a,{n/2))[gj^^. Moreover, denote by M 

the standard subgroup GLn-i{q) x GLi{q) < GLn{q) and by L the 
inverse image of L in S. Then one of the following holds: 

(a) g = 3, = -1 i/^ / 2, and [M, M] < L < M; 

(b) g = 2, / 1 = 0-3 and L = M. 

Proof. The assumptions on G, H imply that S is a quotient of SLn (by a 
central subgroup), and S > L. Assume that (i) does not hold. Now L <\ H 
and V[jj is irreducible and primitive, whence Vlj^ is homogeneous. But 
Vljj is also tensor-indecomposable, so is irreducible, and so is V[g. It 
remains to apply Theorem 11.21 to the triple {S,V [^,L). □ 

The analogue of Corollary 18.11 for 2 < n < 4 has extra examples, includ- 
ing the ones arising because of the exceptional Schur multiplier of PSLn{q) 
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for some (n, q). Here are three examples of this kind: (G, H, dim V, £) = {3 ■ 
P5L2(9), As, 3, e + 2), (6-P5L2(9), 5L2(5), 6, £ / 2, 5), (2-5L4(2), 2A7, 16, 7). 

8.3. Small rank. We now deal with the remaining cases 2 < n < 4. 
Theorem 8.2. Lei 2 < n < 4, with q {3, 5, 7, 9} if n = 2, SLn{q) <G< 
GLn{q), H < G be a proper subgroup not containing SLn{q), and V be an 
irreducible ¥G-module of dimension greater than 1. Let W be an irreducible 
¥GLn{q) -module such that V is an irreducible constituent of WIq. Then 
Vlfj is irreducible if and only if one of the following holds: 

(i) The same as Theorem ] l.S^f i) for re = 3, 4. 

(ii) The same as Theorem M.S^f ii) for re = 4. 

(iii) The same as Lemma \6.10\ for re = 2. 

(iv) q = 2 or 3, G = SL^iq), dimV = q^ - 1, HZ{G) = UMZ{G), 
where U = Op{P) is the unipotent radical of the parabolic P = 
UL which is the stabilizer of a 1-space or a 3-space, and the group 
GLi{q^) <\ M < rLi(g^) is naturally embedded into L. 

(v) {G,H,V,£) from Table I. 

Table I. Small rank examples of irreducible restrictions 



G 


H 




GU{2) 


A7 


dimV = 13, i = 3,5, 
dimy = 14, £ / 3,5. 
dimy = 21, £ / 3,5 


5^3(4) 


3A6 


dimy = 15, 1^3 


GL3(2) 


C7 : C3 


dimV = 3, £ / 7 


5L2(11) • Z{G) 


2A5 • ZiH) 


dimy = 5, i^2,3, 
dimy = 6, £/2,5. 



Remark 8.3. In Table I, V can be any module with the indicated dimen- 
sion, unless dimV = 21. If diml/ = 21, V should not be Sg-invariant. For 
this and the right embeddings of H one should consult [111 [23j . 
Proof. Set Z = Z{GLn) and replace H by HZ and G by GZ. If H is re- 
ducible on AA, then H is contained in a parabolic subgroup of G. Applying 
Theorem 16.41 Propositions 16.61 16.81 and Lemmas 16.101 16.91 we arrive at the 
cases described in Theorem 11.2( 1). From now on we assume that H is irre- 
ducible on M . By Lemma [33] and Propositions 13. 5117.11 we may also assume 
that if re 7^ 2, then H ^ TL^(q'^) for any s = n/d with s > 1. 

1) Assume that n = 3, 4 and H is transitive on the 1-spaces of J\f. By 
Proposition 13.31 we need to consider the following possibilities. 

(a) G = GLi{2) and H = A7. Then dim.V < mdH) = 35. Using [II] 
and |24j (or [2^) we arrive at the first line in Table I. 

(b) G < GU{3) and E = 2^+^ <\ H < NdE) = ^ • 85. Then dimV < 
mc(-ff) < 60. Moreover, the transitivity of H on 1-spaces of M implies 
that 5||i?|. Thus diml/ is divisible by 4 if it is faithful on Z{E) and by 
5 otherwise. Inspecting pTj and ^24j, we see that dimF = 40 and so V is 
faithful on Z(E). But the last condition implies dim V < 24, a contradiction. 

(c) G = GLi{3) and H > SL2{5) < 5L2(9) < SU{3). Using [II] and the 
transitivity of H on 1-spaces of M, one can show that H < 2 ■ (Sg x 2) and 
so mc{H) < 20, whereas dimU > di{S) = 26, a contradiction. 
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(d) n = 4 and Sp^i^q) <\ H < CSp^i^q). UV = Wlx, then we are done by 
Theorem 17.51 Otherwise q ^ 2,4 and, by Proposition 15.101 either W is one 
of the two modules considered in Lemma I5.1H or dimV^ > (q^ — l){q^ ~ !)• 
In the former case, arguing as in the proof of that lemma, we see that \H\ 
is divisible by a p.p.d. for (g, 3), a contradiction. In the latter case, observe 
that mc{H) < ImdSp^iq)) < 2{q^ - - l)/{q - if ii q > h and 

Vt^ciH) < mc(C5'p4(3)) = 120. Hence mc(-ff) < diml/, a contradiction. 

2) Let n = 4 and H be intransitive on the 1-spaces of M. 

Case 1: q > A. By Corollaries O and [521 diml^ > {q - l){q^ - 1), so 
dim V > {q — 1)((?^ ~ 1)/ gcd(4, q — 1). Now apply Aschbacher's Theorem to 
H/Z < PGLi{q) and check that in all cases mc{H) < dimy. 

Case 2: q = 3. Note that either diml/ > 38, or dimV = 26 and V lifts 
to a complex module. On the other hand, since H is irreducible on J\f and 
does not contain SL4, 13 J(\H\. So mc{H) > 38. If H is solvable, by the 
Fong-Swan theorem, Vl^j lifts to an irreducible complex module and dim V 
divides \H\. These conditions exclude all remaining possibilities for H. 

Case 3: q = 2. Note that either dimF > 13, or dimV = 7 and V lifts to 
a complex module. So either mc{H) > 13 or 7 divides \H\. Inspecting the 
maximal subgroups of G, we see that either H = Sq or H < Aj. In the former 
case, as dim y > 13 and VI jj is irreducible, we must have dimV = 16, but 
G does not have an irreducible module of dimension 16. In the latter case, 
Vlja^^ is irreducible, so dim!/ > 13 by the results of 1). Thus mc{H) > 13 
and so H = Aj, which is transitive, giving a contradiction. 

3) Let n = 3 and H be intransitive on the 1-spaces of M. As H is 
irreducible on M, we have q > 4. li V = WIq, apply Corollary 13.21 and 
Theorem [531 to deduce that W = L{a, (1)) with deg{a) = 3. So dimW = 
(g-l)(g2-l). On the other hand, if > 1, then using Theorem l2.61 
one shows that dim > (q'^ — l). In either case we have dimV > {q—l){q'^ — 
1)/ gcd(3, g — 1). Now we apply Aschbacher's Theorem to H/Z < PGL^. 
One check that in all cases m.c{H) < dimV, except possibly when q = A 
and H/Z < Ag. In this case m.c{H) > diml/ > 15 implies H = 3IKq 
and G = SL^^^A). Using [HI [24], we arrive at the second line of Table I. 
Note that 3A6 has three embeddings into SL^^ (up to 5L3-conjugacy), and 
there are three pairs of irreducible FS'La-modules of dimension 15. For each 
embedding, two of these pairs of modules are irreducible over 3A6. 

4) Finally, let n = 2. Note that A\m.V >{q- 1)/ gcd(2, q-l). In view of 
our assumptions on g, the conditions that xnc{H) > {q — 1)/ gcd(2,g — 1) and 
H is irreducible on leave only one possibility: q = 11, H = Z{H)SL2{11), 
and G = SL2{5) ■ Z{G). Using [m [23], we arrive at line four of Table I. □ 

Remark 8.4. If n = 2 and q G {3,5,7,9}, the irreducible restrictions can 
be handled using |lll [23] or computer. In fact, in addition to the cases 
similar to Theorem I8.2r iii). we may have only the following: 

(a) li q = 3 and dim^ = 2. Such an example arises for instance when 

(b) If g = 5, diml/ = 2 or 3, and G = SL2{5)Z{G). Such examples arise 
for instance when H = SL2{3). 

(c) 11 q = 7, dimV = 3 or 4, and G = SL2{7)Z{G). Such examples arise 
for instance when H = 2S4. 
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(d) If g = 9, dimy = 4 or 5, and G = SL2{9)Z{G). Such examples arise 
for instance when H = SL2{5). 

8.4. Reducibility of tensor products. As a final application of tech- 
niques developed in this paper we complete the analysis of [36] to prove 
Theorem 18. 71 below, which also fits nicely into Aschbacher's program as part 
of the analysis of the family C4. The following lemma should be compared 
to Lemma [3T] (the idea goes back to [3\\ and has been used in [U [28]). 

Lemma 8.5. Let P < G be finite groups, U,V £ IBr(G), and the following 
conditions hold: 

(i) dimEndp(C/) > 2 and dimEndp(y) > 2; 

(ii) The module W := (lp)|*^ is either a direct sum 1g(BA or a uniserial 
module (1g|^|1g) with composition factors Iq and A ^ Iq- 

Then U fSiV is reducible. 

Proof We have dimHomG(C/* (8) U,W) = dimEndp(C/) > 2. So there ex- 
ists a G-homomorphism ip : U* f^i U ^ W whose image is not contained 
in the unique G-submodule Iq of W. Set B := A (resp. B := {1g\A)) 
if = 1g e ^ (resp. if W = {Ig\A\1g)). Then imtp D B. Simi- 
larly, dim Home ( 1^, y* y) = dimEndp(y) > 2, and there exists a G- 
homomorphism (p : W ^ V* <Si V with ker (p <Z B. Hence (f) o ip : U* ® U 
V* <^ V is a G-homomorphism whose image is not contained in Ig. But 
there also exists a G-homomorphism 6 : U* <^U ^ V* 0V with Im(^) = 1^. 
So 2 < dimHomG(?7* ^U,V* ^V) = dimEndG(C/ V), whence U^V is 
reducible. □ 

Lemma 8.6. Let 2|n = kd > 4 for some integers k,d with d > 2, G = 
GLn{3), andsetN := nr=i(3*-l)/ n»=i(3'^'-l). Then G has no irreducible 
characters of degrees A^(3'^ — 3)/4 and N(3"' — 5)/4:. Moreover, if d>2> then 
G has no irreducible characters of degree N(3"' — l)/4. 

Proof Let x e Irr(G). If x(l) = A^(3" - 3)/4, use x(l)||G'| to deduce 
(3"-i-l)|4n^^i_ i_^„_i(3*-l). Considering a p.p.d. for (3,n-l), we get a 
contradiction. In the remaining cases (x(l), 3) = 1, so Lusztig's classification 
of Irr(G) implies that x(l) = {G : Cg{s))3' for a semisimple s G G. Note 
that Cg{s) = Yll=i GLmi(3"') for some mi, m gN with Yll=i ''^i'^i = 
Assume first that = A^(3" - 5)/4. We have 

(3" - 5) n -=107=1 (3^'"^ - 1) = 4nti(3'^^ - !)■ (8.1) 
As n > 4, there is a p.p.d. ri for (3, n). But ri/(3"' — 5), so (|8.ip implies 
that t = 1 and ma = n for m := mi and a := Oi. Also, k > 3 and m > 2 
by (f8l^ . If a < d - 1, then (m - l)a > (A: - l)(i + 1 > 5. In this case a 
p.p.d. ra for (3, (m - l)a) divides the LHS, but not the RHS of ([HI]). If 
a = d, (j8.ip yields 3" — 5 = 4, a contradiction. So a > d -|- 1. Now if /c = 3, 
then m = 2 and yields (33*^ - 5){3^'^^'^ - 1) = 4(3^^ - 1)(32'^ - 1), a 

contradiction. So A; > 4. As (m — l)a > d -|- 1 > 3, there is a p.p.d. r2 
for (3, {m — l)a). Then (|8.1|) implies that jd = (m — l)ab for some integers 
b > 1, 1 < j < d. Hence jd = ma — a = kd — a and so d\a if 6 = 1. If 
b > 2, then kd > jd > 2{m — l)a > ma = kd, whence j = k, b = m = 2, and 
a = kd/2> 2d. Thus in either case a > 2d. It follows that the LHS of 
is < 3ni3+n/2d)/2^ whereas its RHS is > 3"(i+"/'i)/2^ contradicting n > 4d. 
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Let = A^(3" - l)/4 and d > 3. If n = 4 use [11] . Let n > 6. We have 



The LHS of 1^ is > 2" > 8, so A; > 1. As (A: - l)d > n/2 > 3, there is 
a p.p.d. rs for (3, {k — l)d). By (|8.2p . we may assume miai > {k — l)d. If 
niiai > {k — l)d, then a p.p.d. for (3, rn-iai) divides the LHS but not the 
RHS of (j8.2p . Hence mioi = (/c — l)d and X^j=2 ~ ^- Now the LHS 
of (US]) is > 2'^(3'^ - 1) > 4(3"' - 1), so A; > 2. Assume ai < d - I, whence 
(m-i — l)ai > (A; — 2)d + 1 > 4. Then a p.p.d. r4 for (3, (mi — l)ai) divides 
the LHS, but not the RHS of 



Further, if m = d, then l{l=2UT=i(^''" - 1) > 2^ > 4, contradicting (l83]) . 
Thus ai > d. As {k — 2)d > d > 3, there is a p.p.d. rs for (3, (A; — 2)d). Now 
rs divides the RHS of ([13]) and (A;-2)d > (A;-l)d-ai = (mi-l)ai, sot = 2 
and {k — 2)d = d = m2a2- Thus A; = 3, 2(i = miai, and so mi = 1 as ai > (i. 
In this case, ()8.3p implies nj=r (S-'"^ — 1) = 4, which is impossible. □ 

Theorem 8.7. If S = SLn{q) and U,V G IBr(5') are both of dimension 
greater than 1, then U f^V is reducible. 

Proof. By [36l 3.2, 3.3], we may assume q = 3. The case n < 2 is easy, so let 
n > 3. By [361 3.4], we may also assume that C/ is a Weil module, at least 
one of U, V does not lift to C, 2|n, and V does not extend to G := GL„(3). 
There is W £ IBr(G) such that Wig = Vi e V2 where Vi £ IBr(5) and 
V = Vi. Note that U extends to a G-module which we also denote by U. 

First we assume that W is induced from a module Wi over a parabolic 
P = UL with Levi L = GLa x GLf,. As the Harish-Chandra induction is 
commutative, we may assume a > 2. Let Z{G) = (z), Z{GLa) = (-2a), 
Z{GLh) = {zf,). Then z = ZaZf,. Let Tn denote the complex permutation 
character of G on the points of M. Then r„ gives rise to two Weil characters 
of G: of degree (3"- — 3)/2, and of degree (3"- — l)/2, both restricting 
irreducibly to 5, see [H]. Moreover, the 1- (resp. — 1-) eigenspace of z in 
affords the G-character 2 • Ic + (resp. r^). Clearly, U ■ GLj, fixes every 
point of the natural subspace Fg. So (T^)ip contains r*, as a Weil character 
of GLa inflated to P. By [l8], we may assume that the Brauer character of 
U is fn — c, where ~ denotes the restriction to ^'-elements, j G {0, 1}, and 
c G {0,1,2}. Now 3 < r^(l) < (3" - l)/2 < {3"+^ - 5)/4 < (dimC/)/2 as 
o > 2. Therefore Ulp contains an irreducible constituent Ui of dimension 
less than (dimC/)/2. Hence U(g)W = U(g){Wi)]^ = {Uip(g)Wi)]'^ contains 
a subquotient {Ui (Xi VFi)|*^ of dimension less than (dimC/ ® W)/2. Since Vi 
and V2 are fused by G, it follows that U i^V is reducible (over S). 

Now let W be Harish-Chandra indecomposable. As the module lp„_in5T'^ 
satisfies Lemma ISTST ii) and dimEndp„_jnS'(t^) ^ 2, by Lemma [831 we may 
assume dimEndp^_;^nS'(^) = 1 • Now Theorem 15.31 yields W = L{a,{k)) 
for some a of degree d = n/k > 1. Then W lifts to Wc := L£{a,{k)). 
By Proposition 15.101 V lifts to a complex 5-module if d = 2. If [/ (Xi 1/ is 
irreducible then so is U (X" V2. We have the following two cases. 

Case 1: dimC/ = (3" - l)/2 or (3" - 3)/2. Then U lifts to a CG-module 
Uc- By [361 3.2], Uc^Wc is reducible. As U0Vi^2 are irreducible, Uc^Wc 



n-=i nr=i(3^'^^ - 1) = 4nti'(3'^^ - 1). 



(8.2) 



(n-=i UTM^'"' - 1))/(3('=-^)^ - 1) = 4nti^(3^' - 1). 



(8.3) 
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is a sum of two irreducibles of dimension (dim[/)(dimTy)/2, contradicting 
Lemma [8.6( i).(iii) if d > 3. If d = 2, then U and V lift to C, a contradiction. 

Case 2: dimf/ = (3" — 5)/2; in particular, there is a CG-module Uc such 
that its reduction modulo I is U + Iq (in the Grothendieck group). So over 
S, the reduction modulo i oiUc® Wc is {U ® Vi) + {U ® V2) + Vi + V2, 
with Vi and V2 fused under G and all summands being irreducible. Again, 
by [361 3.2], Uc ®W(c is reducible. Hence at least one irreducible consituent 
of Uc®W(c has degree (dimC/)(dimTy)/2, contradicting Lemma ISlBlf ii). □ 
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